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Abstract

Experiments deliver credible treatment-effect estimates but, because they are costly,
are often restricted to specific sites, small populations, or particular mechanisms. A
common practice across several fields is therefore to combine experimental estimates
with reduced-form or structural external (observational) evidence to answer broader
policy questions, such as those involving general equilibrium effects or external valid-
ity. We develop a unified framework for the design of experiments when combined
with external evidence, i.e., choosing which experiment(s) to run and how to allocate
sample size under arbitrary budget constraints. Because observational evidence may
suffer bias unknown ex-ante, we evaluate designs using a minimax proportional-regret
criterion that compares any candidate design to an oracle with knowledge about the ob-
servational study bias bound that jointly chooses the design and estimator. This yields
a transparent bias-variance trade-off that does not require the researcher to specify a
bias bound and relies only on information already needed for conventional power cal-
culations. We illustrate the framework for studying general equilibrium effects of cash
transfer programs.
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1 Introduction

Randomized controlled trials (RCTs) have improved empirical economics by providing in-
ternally valid estimates. However, in practice, feasibility constraints often confine trials to
localized effects such as the effect in a specific site or subpopulation, or of a particular mech-
anism, as [Muralidharan and Niehaus (2017) document.E] These effects, although useful, are
often not sufficient to answer relevant policy questions about external validity and general
equilibrium (GE) effects of at-scale interventions.

In response, a large literature in development (e.g., Attanasio et al., 2012} de Albuquerque
et all [2025; Meghir et al., 2022 [Todd and Wolpin|, 2006), education and labor economics
(e.g., Allende et all) 2019; Bied et al., 2026; Chetty et al., 2016), and more recently indus-
trial organization (e.g., Allcott et al., 2025; Katz and Allcott, 2025) combines experiments
with external evidence—observational and/or results from experiments in other settings—to
extrapolate policy-relevant counterfactuals that no single experiment in the population of
interest can identify. In our review of AEA journals over the past decade, about one-third
of experimental papers complement experimental with observational inputs, either reduced-
form or structural (Figure [7)). Since budget constraints often bind, this practice raises the
question of how to choose and design the most informative experiments for policy-relevant
estimands from a menu of feasible experiments (e.g. Niederle) 2025; Ravallion) 2012).

Our main contribution is a framework for choosing which experiment to run and how
to design it in this common setting of combining experimental with external evidence. By
external evidence, we mean reduced-form or structural estimates based on observational
data, and/or results from experiments in other contexts. External evidence may be biased
in ways not known ex ante (e.g., due to confounding or lack of external validity). We provide
a procedure that (1) helps researchers disentangle the role of each experiment in this setting,
(2) selects which experiments to run subject to a budget (e.g., which treatment arms and/or
sub-populations), (3) optimally allocates sample size. We accommodate a broad class of
user-specified feasibility constraints on the design and choice of the estimator.

As an illustrative example, consider a government piloting a cash-transfer program in
a small set of districts to increase children’s school attendance. The trial delivers a local
average effect, but policy decisions often require counterfactuals at scale, allowing prices and
wages to adjust (e.g. Egger et al., [2022; Todd and Wolpin, 2006). Researchers therefore
combine experimental evidence with a supply-demand model that leverages external data to

map local impacts into economy-wide outcomes. The design question is (i) which mechanisms

!Under tabulations in Muralidharan and Niehaus| (2017) only 31% of experiments in top economics
journals sample units from a larger population. Of these, experiments are in median “representative of a
population of 10,885 units [...] and randomized in clusters of 26 units per cluster”.



are the most valuable to learn experimentally given constraints on the size of the experiment
and (ii) how to allocate sample size across treatment arms (and locations).

The first step is to specify the estimand and the underlying parameters. Define 7(6) the
(policy-relevant) object of interest, where 7 is a known smooth function and 6 is a vector of
unknown parameters; 7 may be scalar or vector-valued. Researchers also observe external
baseline estimates for 6 (or relevant moment estimates)-henceforth observational estimates—
which may be biased. Each feasible experiment provides a set of unbiased moments, e.g., by
identifying a subset of parameters without bias. This parameterization makes explicit which
components of § are learned experimentally and which may rely on (biased) observational
evidence; not all components need or can be learned experimentally.

Returning to the cash-transfer example, 7(6) is the effect on schooling when all poor
households in rural Kenya receive the subsidy. The entries of 6 consist of (i) the direct
schooling response to a conditional cash transfer (CCT), (ii) the income effect of transfers
in partial equilibrium, and (iii) wage adjustments that shift the returns to schooling. Due to
cost constraints, researchers may only run small, partial-equilibrium experiments and then
combine these with prior evidence to recover 7(6). For instance, they may choose between a
CCT arm to estimate the direct effect, or an unconditional-cash arm (UCT) to measure the
income elasticity, and extrapolate the GE effects using evidence from a previous study in a
different context, such as the Progresa program in Mexico (Todd and Wolpin, [2006). When
site selection is also part of the design, 6 additionally collects site-specific effects.

The next step is to select the experiment(s) and sample size allocation. A natural start-
ing point is to focus on estimators that admit an asymptotically linear representation as for
methods of moments or minimum distance estimatorg?, and design the experiment to mini-
mize the mean-squared error (MSE) for 7(6). However, one challenge is that the bias may be
hard to elicit for all relevant parameters. A worst-case approach would be overly-conservative
and disregard information about the variance. Motivated by a large decision-theory litera-
ture (e.g. Armstrong et al., 2024; Montiel Olea et al. 2026; Stoye, 2009), we measure the
performance relative to the regret, defined as the ratio of the researcher’s worst-case mean-
squared error relative to an oracle that knows the worst-case bound on the observational bias
and chooses both the design and the estimatorﬂ Taking its supremum over the worst-case

bias yields a robust procedure without requiring a prior about the bias or on its bound.

2These are the most common in applications. In our review, one-third of the papers using experiments
with external estimates use these in structural models typically estimated via methods of moments or min-
imum distance, and the remaining two-third uses experimental estimates mostly with DiD, IV, or RDD
observational estimates. All admit an asymptotic linear characterization with linear moments and with
non-linear moments under standard smoothness restrictions and standard local asymptotics, see Section
3See Remark [4 for a discussion about minimax and minimax additive regret.



While previous references take the design as fixed, here we optimize over the design choice,
which changes the target objective.

Sectionprovides an explicit and novel characterization of proportional regret for (asymp-
totically) linear estimators in experimental and observational moments. These include gen-
eralized methods of moments where we may also optimize over the weighting matrix. For
any design and weighting matrix that combine the experimental and observational point
estimates, the regret is the maximum of two normalized components. The first is a variance
regret: the estimator’s sampling variance under the chosen design and weights, divided by
the smallest attainable variance. The second is a bias regret: the worst-case squared bias
induced by using external evidence, divided by the smallest feasible worst-case bias over the
class of designs. The variance regret depends on the (expected) variance-covariance matrix
of the observational and experimental estimates implied by the design, the weighting matrix,
and the sensitivity of the policy parameter, i.e., the gradient of 7 with respect to the pa-
rameters evaluated, under mild conditions, at the observational estimatesE] The bias regret
depends only on the sensitivity vector and the weighting matrix, known ex-ante.

This result makes the bias-variance trade-off intuitive. At the optimum, the two nor-
malized components tend to be equalized: when the bias dominates, the design prioritizes
high-sensitivity parameters; when variance dominates, the procedure invests sample where
it most reduces variance, trading off precision with sensitivity. The design only requires
knowledge of the expected variance-covariance matrix and observational estimates. It can
be reported in a pre-analysis plan. In the leading applications with experimental and ob-
servational estimates from independent samples, we require the same variance inputs as for
standard power calculations for the feasible experiments (e.g., |Gerber and Green| 2012)).

From a theoretical (and computational) perspective, our key insight is that, as we restrict
the class of estimators to be (asymptotically) linear in the moments, the worst-case propor-
tional regret is quasi-convex in the radius of the bias, for any norm characterizing the bias’
uncertainty set. This result yields a transparent variance-bias trade-off and differs from
existing solutions under the fixed-design optimal estimators (e.g. Armstrong et al., 2024}
Tsybakovl, [1998)); there, quasi-convexity fails due to non-linearity of the estimator, and opti-
mization corresponds to a minimax program over worst-case priors. In our joint design and
estimation problem, quasi-convexity substantially simplifies optimization which is a simple
convex problem for the estimator, with a closed form expression for sample allocation and a

mixed-integer formulation for the experiment choice only (typically from a small/finite set).

4For this result to hold, we assume that 7(0) is twice differentiable with bounded derivatives. For non-
linear 7(0) in 6, we also require that the observational estimates bias is local to zero in the spirit of Andrews
et al.| (2020); |Armstrong and Kolesar| (2021); Bonhomme and Weidner| (2022), where its rate of convergence
can be the same, faster, or even slower than the estimators’ standard error. Section provides details.



A feature of this solution is that it is particularly natural in the extrapolation environ-
ments that motivate our analysis, where feasibility constraints prevent any experiment from
identifying the full counterfactual 7(#); this implies that the oracle sensitivity to potential
biases cannot be made arbitrarily close to zero. When an unbiased estimator of the full target
is instead available, non-linear estimators are more natural; a case we discuss in Section [3.3]

Section [ turns to settings in which the researcher does not commit ex ante to a particu-
lar estimator. Following the communication perspective of |Andrews and Shapiro| (2021]), we
evaluate each design using the expected loss of a Bayesian audience that updates its prior
after observing all the moments reported by the researcher. Instead of taking the statisti-
cal experiment as given, we let researchers report all relevant moments and choose which
moments to generate experimentally and their precision. For a large class of priors on the
bias with mean and covariance unknown to the researcher, the corresponding regret admits
a variational representation with the same variance-bias structure as the linear-estimator
problem, where the estimator is now chosen ex-post by the audience. It can be solved off-
the-shelf as a sequence of mixed integer convex programs. In Section [5] we then provide
results for minimizing confidence interval length and settings with a known bias bounds.

We illustrate the framework in a cash-transfer application in Kenya, where the researcher
combines new experimental evidence with external evidence from Mexico’s Progresa program
(Attanasio et al., 2012; Todd and Wolpin| |2006); these preliminary estimates may lack exter-
nal validity. We compare three designs and their combinations: (i) a CCT arm to estimate
direct schooling effects; (ii) a UCT arm to estimate income effects; and (iii) an employment
program that identifies individual schooling response to wages. We show that the method
equalizes bias and variance regret, and significantly improves bias compared to standard

Neyman allocations, at a significantly smaller cost of precision.

Related literature This paper links the experimental-design literature—which mostly
focuses on settings where all parameters are identified within the experiment and leaves aside
questions of data combination—to recent work that integrates experimental and (reduced-
form or structural) observational evidence to extrapolate effects in complex scenarios.
Recent advances for experimental design include balancing and variance-minimizing al-
locations (e.g. Bai, 2019; Cytrynbaum, 2021} Kallus, 2018} Tabord-Meehan| 2018, adap-
tive designs for policy choice (e.g. Kasy and Sautmann) [2019), and experimental design
under correct model specification (e.g. [Higbee, 2024; |Kasy, 2016; |Kiefer and Wolfowitz,
1959)). Traditional work on experimental design for robust-model estimation either focused
on testing competing models (Atkinson and Fedorov, [1975; Lopez-Fidalgo et al., 2007), or
on using a-priori knowledge of (worst-case) bias for the design of an experiment (Sacks and
Ylvisaker, 1984; [Tsirpitzi et al., 2023; [Wiens, 1998)). All these references leave aside ques-



tions about observational data combination. In the context of minimizing the variance of an
experiment, [Rosenman and Owen| (2021]) proposes to use observational studies to construct
high-confidence bounds on the experimental variance, and then focus on variance-optimal
stratification. This problem differs from our design problem and analysis, which instead
studies the use of observational studies in combination with experiments for extrapolation.

In summary, we complement this literature by studying which experiment to run (and
how) when not all parameters are learned experimentally, a common problem in economics.

Our minimax regret criterion connects to a long-standing decision-theoretic tradition
for experimental design. References include Manski and Tetenov| (2016), Banerjee et al.
(2020)), [Manski| (2004)), [Dominitz and F. Manski| (2017)), |Olea et al.| (2024)), [Hu et al.| (2024),
Breza et al.| (2025) among others. These references focus on settings where researchers only
have access to experimental variation, instead of combining it with external (observational)
evidence, motivating different designs and objective functions. We also complement literature
that leverages correctly-specified models for site-selection (Abadie and Zhao, 2021; Gechter
et al.| 2024) by allowing for misspecification in observational estimates.

A related line of work analyzes estimation under misspecification (Andrews and Shapiro,
2021; |Armstrong et al., [2024; |Armstrong and Kolesar, [2021; Bonhomme and Weidner, [2022;
Donoho), 1994 Kwon and Sun, 2025), and combining existing experiments with observational
studies (e.g. |Athey et al., 2020, |2025a; de Chaisemartin and D’Haultfeeuille, 2020; |Gechter),
2022)). We provide a novel characterization of proportional regret as a quasi-convex function
in the bias bound by leveraging linearity of the estimator. Such characterization shows how,
in our problem, misspecification is captured through the first-order sensitivity of the estimand
to each parameter, an important measure for sensitivity analysis in |Andrews et al.| (2020));
it provides a decision-theoretic foundation for simultaneously protecting against a correctly
specified and misspecified model (e.g. Bickel, |1984; Kempthorne, [1988), here formalized via
a bias and variance regret. Unlike the references above, where the design is fixed, our main
contribution is to optimize the design itself. This changes the structure of the problem,

including the optimization and regret, computed against the best design-estimator.

2 Setup

Consider a researcher interested in an arbitrary target estimand 7(0) € R, indexed by a
low-dimensional unknown parameter vector § € R? and a known mapping 7 (see Section
for extensions to multivariate estimands). The goal is to design an experiment that is the
most informative about 7(6) when combining existing evidence (e.g., observational studies)

with experimental variation, under feasibility or cost constraints on the experiments.



2.1 Observational and experimental estimates

We assume that researchers have access to a set of observational estimates S°P € RPe.
We impose no restrictions on how S° is formed: it can be based on arbitrary exclusion
restrictions implied by an economic or statistical model. However, S°* may have biases
collected in a vector b € RP> unknown at the experimental design stage. Examples include
an estimate from an instrumental variable regression that may fail the exclusion restriction,
or an experimental estimate from a country different from the one of interest that may lack
external validity. Researchers can then collect additional experimental estimates from a set
of feasible experiments &, for example by learning a subset of the relevant parameters.

The reported statistics may or may not be direct estimates of individual components of 6.
In particular, their population counterparts may correspond to known linear combinations

of 6, captured through a known matrix A below, or asymptotically linear as in Example

Assumption 1 (Reported estimates). Given a maximum number of possible experiments
Pe, for an experimental choice € C {1,...,p.}, and for a given level of precision ¥ associated

with the experimental choice &, denote by S¢y € RI€l the set of experimental estimates

obs

collected by the researcher. Researchers observe Sg s = (SeXp> € Rro+I€l such that
£x

~ b ~
E[S&E] —Agf = (0 ) , b € RPe, V(Sg’z) =3, (1)
€]
for known matrices
Ag € RPoHENXP Y € R@otHENX(potlEl)

Here b denotes the vector of observational biases, potentially unknown to researchers.

Here, (£,3) characterizes the experimental design, encoding which statistics are learned
experimentally and with what precision. The matrix A¢ determines how the reported es-
timates identify the primitive parameter 6. The key distinction between the observational
and experimental estimates is that observational estimates may have a bias b, potentially

unknown. The number of statistics p, + |€| may exceed the number of parameters p.

A few remarks about X, which we assume to be known:

e First, our framework can accommodate arbitrary positive-definite ¥ with potentially
correlated observational and experimental estimates. In practice, the leading example
is the case where observational estimates are independent of the experimental esti-

mates, as in our application where estimates are computed on independent samples.



In this case, ¥ = diag(Xobs, Zexp), With the first block corresponding to observational

estimates, not subject to design choices.

The component of ¥ corresponding to the observational estimates can often be esti-
mated consistently, in which case our characterizations in subsequent sections will hold

up-to an asymptotically negligible error.

On the other hand, the experimental component ¥y, does not have to be pre-determined
as a function &; for a given experimental choice £, these components may be chosen

optimally by researchers by optimizing sample size allocation described below.

e Second, assuming that the experimental components Y., are known is standard in
experimental planning for the candidate experiments (Gerber and Green| 2012). We
can also interpret Y., as a researcher’s prior expectation over the true variances,

indexed by the sample size allocated to each experiment.ﬂ

In some applications, ¥y, can be estimated using the first and second moments from
the preliminary observational estimates. Section shows that misspecification and
estimation error for ¥y, is asymptotically negligible for estimating 7(#) under standard

local misspecification.

Example 1 (Direct parameter estimation). Suppose that each S;?bs is a direct estimate of

8;, with p, = p, and that the experiment may identify one or some of the components of 6:
E[S})bs]zej—{—bj’ J=1....p, E[S;Xp]:9j7 JEee.

In this example, Ag¢ is the (p + |€|) X p matrix whose first p rows form the identity ma-
trix I,, and whose remaining rows are the rows of I, corresponding to the coordinates in
E. Whenever the observational and experimental estimates are from independent sam-

ples and the experimental estimates corresponds to mutually independent treatment arms,

Yobs Op><|5'|
Y= ‘ 2 , where X, denotes the covariance matrix of the observa-
Oig)xp diag {ﬁ} e
J

tional estimates, v?- denotes the per-unit variance of experimental estimate j, and n; denotes

the sample size allocated to that experiment, potentially chosen by researchers. O

Our framework also encompasses method-of-moments estimators: exactly for linear mo-
ments, and up to a negligible remainder under a standard local misspecification framework

(Andrews et al.| [2020; |Armstrong and Kolesar, 2021)). For non-linear moments, we will think

5In this case we interpret the mean-squared error in the subsequent section as integrating over the corre-
sponding prior for X.



of the linear relationship as a first-order (asymptotic) approximation of moments around
a preliminary estimate. For this case, we define 65" € RP as the probability limit of a

preliminary (possibly biased) estimate é\gbs(SObs) —, 05 of 6.

Example 2 (Method-of-moments estimators). Let § € R? denote the primitive structural
parameter, and let 65" denote the probability limit of a preliminary observational estimate
for . For experiments &£, let g°*(6) € RP2, g2 () € RI¢I denote population moments, and let
G°* and G¢3, denote their sample analogues, with E[G°*]—g°*(0) = b, E[GE 2] —gg " (6) = 0,

for an unknown vector b. Define

_ o obs 2]
515 (Sobs> Gobs _ gobs(egbs) + Aobsegbs A <Aobs> gBTT() }0:08“
72 pu— pr— pr— pr—

exp ~EXp exp / nobs exp nobs 8gexp(9)
Sex Gey —9e  (657) + A 005 o |9=98bs

(2)

The affine normalization is without loss and simply removes the deterministic intercept in
the local expansion. From a Taylor expansion, under sufficient smoothness conditions

- b
E[Ses] — Al = ( ) +0(/16 — 65>

€]

The linear representation in Setting , Equation , therefore holds up to a negligible remain-
der under the local asymptotic regime formalized in Section , where n'/4]|0 —05>|| = o(1),
with n denoting the sample size used to estimate 6. This encompasses cases where the bias
may be of the same or different order of the standard error, but local to zero. The same

expansion applies asymptotically if 03P and Ag¢ are replaced by consistent estimates. O
The class of experiments is assumed to be in a user-specific set D.

Assumption 2 (Feasible experiments). We write (£,%) € D indicating that D is the set
of feasible designs, i.e., choices of £ and ¥. The set D is such that: (i) each feasible ¥ has
uniformly bounded entries and is strictly positive definite, so that AI = ¥ = I for positive

constants A\, A € (0, 00); (ii) for each feasible £, A¢ has full column rank.

We let (€,%) be within arbitrary constraint sets that may encode feasibility or budget
constraints. In our framework, restrictions on the experiments researchers can run and on
their precision X can take any desired form. In most applications, we think of such constraints
as arising from fixed costs of running an experiment and/or constraints on their power
(Athey and Imbens, 2017; Duflo et al., [2007; |List et al., 2011). The only restriction is that
Y. is uniformly bounded, which implies that once we commit to learn a set of experimental

estimates, their variance is finite, and strictly positive definite; this latter condition simplifies



exposition but it is not necessaryﬁ We also require that Ag is full rank, which guarantees

identification in the specific case where b = 0, i.e., in the absence of observational bias.

Remark 1 (Unbiased observational estimates and biased experimental estimates). In some
applications, researchers may assume that some observational estimates are not biased, or
conversely that some experimental estimates may be biased. This can be accommodated by

redefining which entries of the stacked reported statistic are treated as potentially biased. [

Remark 2 (Prior information about b). We will consider settings where researchers do not
know the (local) bias b before running an experiment. This is motivated by the fact that
learning b would require running pilots for each design in the menu of feasible experiments,
which can be difficult in practice. Section [5.3|shows however how prior knowledge of b can be

incorporated as additional information for the choice of the design within our framework. [J

Remark 3 (Why observational evidence remains informative even under misspecification).
The linear representation in Equation can be interpreted asymptotically as in Example
, under local misspecification. With n~'/? denoting the convergence rate of 5’52 the obser-
vational bias is represented by a sequence b, satisfying b, — 0,/1||b,||> = o(1). The bias
can be at a rate that can be the same, slower or faster than the standard error (and therefore
non-negligible asymptotically). This interpretation distinguishes an observational estimate
from an arbitrary constant or random guess for the parameters . Any random guess would

not satisfy the local asymptotic framework and fail to control second order remainders. [

2.2 Properties of 7

A key feature of our framework is that researchers explicitly parametrize 7(-), thereby pre-

specifying and making transparent which biases drive the design problem; this feature is

important as it clarifies the role of the experiment in complementing existing evidence.
The sensitivity of 7 to 0, captured by its gradient, w(f) = 97(0)/00, determines how, to

first order, bias in the estimates propagates to the final estimand.

Assumption 3 (First-order approximation). For a preliminary value 65" € RP, let 7 be

differentiable and define w = 8;—(9@ ,wo = T(05P%) — wTOgPs. Define the first-order ap-
6=0gbs

proximation
() = T(ngs) + wT(Q — ngs) =wo+w'é.

6For this latter condition to hold in an asymptotic framework with growing sample size, § and Sgyg can
be defined without loss as parameters and statistics rescaled by the square-root of the sample size; in this
case X denotes the asymptotic variance. See Section[5.4.1|for details. Also, although omitted for expositional
convenience, from an inspection of the proof of Theorem [1} it is possible to allow for degenerate 3 as long
as the overall variance of the estimator for 7(6) is non-degenerate.
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for known weights w € RP, with |w;| € [0, 00) for all j, and |w;| > 0 for at least one j.

The analysis below is conducted for 7,,(#). When 7 is linear, this approximation is exact;
when 7 is smooth, it is the first-order approximation. As for Example 2] Section shows
how focusing on 77 (6) is asymptotically equivalent to studying 7(f) under standard local-
misspecification (e.g. Andrews et al., 2020; Armstrong and Kolesar, [2021)), and similarly when
replacing 63> with its consistent estimate for estimating w. Thus, building on references

above, w captures the first-order effect of perturbations in 6 on 7.

2.3 Problem description
Our design problem can be described in three steps:

1. Preliminary step: use the reported evidence. For each feasible (€,Y), specify how the
report Sg x is used to learn the target estimand 7(#). Our main focus in Section [3|is on
reporting an (asymptotically) linear estimator, as for methods of moments in Example
[2} where the weighting matrix may be optimized as part of the procedure. Section [}

studies reporting the evidence to an audience that forms its own posterior.

2. Choosing the precision for given experiments. For each feasible £, choose ¥, i.e., sample

allocation or precision of the experimental estimates.
3. Choose which experiment to run. Choose a feasible experimental design &.

The first step of choosing the estimator for a fixed design follows a long-standing tradition
in econometrics and statistics (Andrews and Shapiro, 2021; Armstrong et al., 2024; Athey
et al., [2025a)). Here we study the different question of how to generate the data through the
experiment, steps 2 and 3, which, as we show, changes the decision problem. The challenge
is that performance depends on the bias b, unknown when designing the experiment. We

conclude with three examples in simple two-parameter models.

Example 3 (Choosing the site for an experiment for external validity). Consider the problem
of choosing where to conduct an experiment (Gechter et al., [2024; Olea et al., [2024)).

In our notation, consider two sites j € {1,2} with site-specific average treatment effects
6,. The target is the cross-site average 7(0) = w161 + w2bs, where w; denotes the population
share in site j. Let S°P = (S¢b S9P)T denote observational estimates of the two site-
specific effects. These estimates may be biased, for example because of confounding. Write
E[S?] — 0 = b = (by,by)". Suppose a budget constraint allows an experiment in only one
site. If site j is chosen, the researcher obtains an experimentally valid estimate S;Xp of 8;;

the other site k # j remains informed only by the observational estimate. O

11



Example 4 (Choosing which survey to conduct). |[Egger et al. (2022) study the efficacy of
cash-transfer programs on the marginal propensity to consume (MPC). Measuring the MPC
requires capturing both short- and long-run effects. Because survey rounds are limited, the
authors complement experimental data that lacks short-run effects with auxiliary information
from prior studies that use short-run surveys collected in other regions; see Egger et al.| (2022]).
This raises the question of which survey to conduct and with which frequency.

In stylized form, suppose researchers can observe, for s € {1, 2}, potential outcomes Y;(?)
denoting consumption in period s when measured ¢ periods after the intervention. Auxiliary
estimates from previous studies identify o« = E[Y;(t = 1) — Yi(t = 00)], 8 = E[Ya(t = 1) — Ya(t = 00)],
possibly with external-validity bias. The target is 7(0) = o + 8,0 = (a, 3)". Researchers
consider two survey designs: an early survey design that experimentally learns o, and a later
survey design that experimentally learns . If the early survey is chosen, the experimental
statistic identifies . If the later survey is chosen, the experimental statistic identifies 5.

Our goal is to study which survey design to implement. O

Example 5 (Experiment with nonlinear target and equilibrium model). Bergquist and Din-
erstein| (2020)) conduct demand and supply experiments in food markets in Kenya. Suppose
here we are interested in similar applications in Uganda. For exposition, consider a stylized

linear demand and supply model (similar reasoning applies to more complex models)
Q° =a—pBpP+up,  Q°=c+BsP +us,

with Bp # —[fs. Several estimands may be of interest; one such estimand is the effect of

Bs
> Bp+Bs

lack external validity. Due to fixed costs of each experiment, £ € {{D},{S}}, i.e., we can

a tariff ¢ on prices t. Researchers observe baseline estimates from Kenya, which may

learn either demand, estimating Sp with randomized price discounts, or supply, estimating
s by introducing regulatory cost shocks on firms. Let 6 = (fp, Bs)",7(0) = -2

" Op+bs
Op = Bp and 0 = (. Let egbs = (0pg, 0s0) " denote the probability limit of a preliminary

t, where

estimator in Kenya. From a first-order approximation in Assumption

or (6
TL(H) = T(egbs) + wT(e - 98bs)’ W= ’g(e ) ‘e_eobs’
-0

7(0) = 7L(6) = O(|6 — 65 |1?)

It follows, that the remainder is asymptotically negligible under standard local asymptotics
described in Section , and similarly if we replace 65> with the consistent estimate ggbs. O

3 Experimental design for linear estimators

In this section we study the design of experiments in settings where researchers consider

linear estimators, as for typical weighting/GMM or minimum distance estimators.

12



We introduce below a class of exactly linear estimators where the weighting matrix does
not depend on the estimates S. Our results continue to hold asymptotically if we replace

the weighting matrix with a consistent estimator that admits a fixed probability limit.

Setting 1 (Linear estimators). For a given (£, X)), let W be a symmetric positive semidefinite
weighting matrix of dimension p, + |€|, so that AJWA¢ is nonsingular. Consider linear

estimators of the parameters ¢
. - T _
fw € arg min (sg,z - A59’> W (Sg,g . Aga') .
0’ cRp

Equivalently, Oy (S¢ ) = Te(W)Ses, Te(W) = (AIWAg) ™ ALW.

The matrix W can be chosen as a function of ¥, Ag, £ and/or may belong to some
pre-specified constraint set that may incorporate a particular choice or preference of the
researcher. To allow for all such cases, we will refer, for a given choice of design (&,)
broadly to W € W(E, %) where the space YW may incorporate any user-specific additional
constraint imposed on W. The matrix W is not a function of 5572.

Given an estimator y, define the induced first-order expansion TL(éw) = wo +w Gy

Although, for simplicity, we assume W does not depend on realized estimates S, in an
asymptotic regime, researchers may replace W by an estimated matrix W, possibly con-
structed also using 5’572. Our results below will apply in the limit provided W —, W, for

some non-random matrix W such that AW Ag is nonsingular. In this case

A

Le(W) = Te(W) +0,(1), (3)

under which the feasible estimator is first-order equivalent to the linear estimator indexed
by W. To choose ex-ante the design, the estimated weighting matrix W can be evaluated at
locally misspecified preliminary estimates é\gbs under local misspecification in Section .
Similarly, all the calculations are for the first order expansion 7. If the researcher instead
reports the nonlinear plug-in estimator T(éw), then under the same local misspecification
argument, 7(0) and 7,(f) are first-order equivalent and our results hold asymptotically.
The focus on this class is to accommodate estimators common in applications, including
minimum-distance and GMM estimators (e.g., Attanasio et al., [2012; [Bergquist and Diner-
stein), 2020; Bied et al., 2026; |Gautier et al., 2018). A special case is also the practice of relying
solely on experimental evidence for the parameters for which an experiment is available, and

use observational estimates for the parameters not identified by the experiment.

7U11del: the local asymptotics, to also allow for cases where b grows faster than 1/y/n, the rate of conver-
gence of W to W needs to be faster than n~'/4 rate in the experimental sample size, which is standard.

13



This class excludes more general weighting rules whose first-order limit remains random
(W 4, W for some fixed W), as for adaptive non-linear estimators in |Armstrong et al.
(2024) and [de Chaisemartin and D’Haultfoeuille| (2020). See Section [3.3|for a discussion.

Example |1 continued (direct parameter estimation) Returning to Example , sup-

pose W is diagonal for simplicity. With appropriate normalization, consider the estimator

R SPP(1— Wy;) + W8, j €&
QWJ = ]obs( ”) 7 ) ) I/V] € [Oa ]-]a .] € {17 e ap}7 (4)

S5 JEE
for a user choice of Wj;. The linear class includes the limiting empirical rule that uses
experimental evidence for the coordinates learned experimentally and relies on observational

evidence only for the components of the target not covered by the experiment (1W;; = 0).

Example 2| continued (methods of moments) Meghir et al| (2022)) propose a struc-
tural model that leverage observational information combined with experimental variation
for estimating welfare effects of subsidies for migration. They estimate the structural model
via GMM fixing the weighting matrix to be the identity matrix. In our framework this cor-
responds to asymptotically linear estimator with W = L. |de Albuquerque et al.| (2025)) study
the effect of a randomized digital campaign on voting behavior combined with a structural
model. They estimate the model using GMM. This also satisfies the linear representation
asymptotically (Equation (3])). In our notation, the experimental moments correspond to
those that identify local (reduced-form) parameters through randomization, while the re-

maining moments extrapolate the effects. [

Example 6 (Experimental selection correction estimators). Athey et al. (2025b) propose
combining experimental and observational data to correct confounding in observational es-
timates. In their linear model of confounding bias, their selection correction estimator is
an exactly linear estimator, while it is asymptotically linear for models implying sufficiently

smooth moment restrictions. O

3.1 Objective function

As in Assumption [3, we focus on the MSE of the linearized 7., interpreted as a first-
order/local approximation when 7 is non-linear. For given bias level b, design (£,3), and

choice of weights W define
. 2
MSE,(£, 5, W) = E&E,b[(m(ew) ~71(0)) } , (5)

14



where Eg¢ 5, denotes expectation under the design (£, %) and observational bias b.

Ideally, one would minimize MSE,. However, because b is unknown, we evaluate designs
over an uncertainty set for the observational bias.

Let C C RP° be a user-specified compact convex set containing zero. We consider the

uncertainty sets
beB(B)={Bu:uecC(}, B >0. (6)

The scalar B indexes the overall magnitude of the observational bias, while the shape of C
encodes restrictions on its relative magnitudes and directions. That is, the set C can be user
specific and incorporate prior knowledge as shape or sign restrictions, and be pre-specified.

Our practical recommendation is the {,-ball, ||bl|o < B, (ie., C = {u : ||ull < 1},)
which bounds the largest coordinate-wise bias. The ¢,,-norm does not force a trade-off across
coordinates (a large bias in one component is not “offset” by a small bias elsewhere), which is
attractive when biases may be positively correlated, and imposes symmetry over the biases.

The drawback is that worst-case solutions depend on the radius B which may be unknown
in practice (as it would require to learn the bias for each parameter).

If an oracle knew B, a natural choice would be to pick the minimax design

MSE*(B) = inf sup MSE,(E, X, W).
(E,2)eD,WeW(E)X) beB(B)

For finite B this would lead to natural bias-variance trade-offs. However, having to specify B
can pose a large burden on the researchers and make the choice of the experiment sensitive
to B. Therefore, we seek designs that perform as close as possible to the oracle that knows
B, uniformly over the values of B, following a long-standing tradition in decision theory (e.g.
Manski and Tetenov,, 2007; [Montiel Olea et al., 2023} Stoye, 2011)).

Definition 1 (Proportional regret). We minimize the worst-case proportional regret
sup MSE,(E, %, W)

RMSE(E, 5, W) = sup
(&2 W) = s = isE(B)

(7)

The use of proportional regret follows a long-standing tradition in optimization and
robust decision-making (e.g., also common in standard textbooks Anunrojwong et al., 2024}
Vazirani, 2001)). Related ratio criteria have also been used in several contexts (e.g. Armstrong
et al.| 2024 Foster and George, [1994; Montiel Olea and Plagborg-Mgller) 2019; Tsybakov],
1998)), with the difference that all such references keep the design fixed.

Remark 4 (Alternative objective functions). Two natural alternatives to proportional regret

are minimax MSE and minimax additive regret. These objectives are useful in many settings
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(see Manski, 2004; Manski and Tetenov} [2007; [Stoye, 2009, for relevant examples). In our
context, however, if one takes a worst case over all B > 0, minimax MSE and minimax addi-
tive regret would either be uninformative or place lexicographic priority on minimizing bias,
selecting designs with minimal bias, at the expense of potentially very large variance. This
also occurs in our leading applications where not all parameters can be learned experimen-
tallyﬂ By contrast, as we show below, proportional regret preserves a bias-variance trade-off
that may better reflect researcher’s preferences towards interior (non-lexicographic) solutions
in these same leading applications. (Also, if a conservative upper bound B is available, the
same criterion can be defined worst-case over B < B, see Section . O

3.2 Optimal design

Our first result shows that the proportional regret provides natural trade-offs between the

variance and the bias. To do so, denote V¢ x.(-) the variance operator for given (&£, ).

Definition 2 (Variance regret). Let

by = 0 * = inf by
(&, 8, W) = Vexn(ro(bw)), o (E,Z)eD,III/%/EW(S,E)a(g’ W), (8)

with o* denoting the smallest feasible variance. We will refer to av/a* as the variance regret.

The variance regret denotes the ratio between the variance of a given design and estimator

relative to the smallest achievable variance. We provide a similar definition for the bias.

Definition 3 (Bias regret). For a given vector v € RP2, denote ||v]|? = sup,cc(v'u)?. Let

2

B = inf B(E,W), 9)

BEW) = H [WTFE(W)} . (£,2)eD,WeW(ES)

1:po

with [w'T¢(W)].,, denoting the entries corresponding to the observational estimates. We
refer to B/5* as the bias regret. O

To interpret this object, note that for any bias vector b, the bias of the target estimator

is [wTFg(W)} Lo b. It is easy to show that the worst-case squared bias equals

2
sup ([JFE(W)] b) — B2B(E,W).
beB(B) L:po

The radius B captures the magnitude of possible observational misspecification, while 5(€, W)

captures the sensitivity of the target estimator to that misspecification. This sensitivity is

8For minimax solutions this follows directly due to additivity of MSE in B2. For minimax additive regret,
defined as the difference between the researcher and the oracle MSE, this follows from the fact that if the
bias is larger than the smallest achievable bias (8 > 8* in our notation in Definition , additive regret can
also be made arbitrary large for sufficiently large B.
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the composition of two objects: I'¢ (W), which maps perturbations in the reported statistics
into perturbations in éW, and w, which maps perturbations in 6 into perturbations in the
target 7(0). In this sense, (€, W) is closely related to the moment-sensitivity measures
studied by |Andrews et al.| (2017), adapted here to the sensitivity of the final target estimate
to observational bias. Whenever C = {u : ||u|]| < 1}, § equals the corresponding squared
dual norm of w'g(W).

Example [1| continued Continue with the estimator in Equation (4)), and consider worst-
case bias deviations of the form ||b||.c < B, so that C = {u : ||u||s < 1}. Then

BEW) = > s + > Wirjilw;| ;
J€E j'e€

sensitivity to observational estimates  sensitivity due to shrinkage towards observational

in the special case where WW,; = 0 for all j € £, so that those experimental estimates collected
by researchers receive all the weight, \/B(E, W) = ||w||1 — ||we||1 denote the absolute sum
of the sensitivity of 7(-) to those parameters that haven’t been learned experimentally.

In our leading applications, we expect 3 # 0 for any combination of £ in the constraint set:

it is often infeasible to run an experiment able to identify all the parameters of interest. [J

An ideal design would set the variance equal to o* and bias equal to $*. Unfortunately,
this may be infeasible as it might require different choices of experiments and estimators to
achieve one or the other. This raises the question of how to trade-off these two components.

This trade-off is formally characterized in our theorem below. We will use the convention
throughout that 0/0 = 1.

Theorem 1. Consider Setting |1l and let Assumptions @ @ hold. Then, for any (£,%) €
D,W e W(E, ),

* ) *
o B

Proof. See Appendix [A1] O

RIE.E,W) — max{a(g,z,vv) B(S,W)}.

Theorem [I] offers a simple and novel expression of the regret which does not require
researchers to specify B. As we show below, Theorem (1| will significantly simplify the opti-
mization program. The key insight is that the proportional regret for linear estimators and
arbitrary designs leads to a quasi-convex objective function, whose worst-case solution is the
maximum between the variance and the bias regret. This differs from the characterization of
non-linear estimators as in [Tsybakov| (1998) and |Armstrong et al.| (2024)), where optimization

is instead over worst-case priors due to lack of quasi-convexity (see Appendix @ Lack of
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quasi-convexity makes optimization more challenging when also optimizing over the design
as in our setting. We provide a detailed discussion in Section [3.3]
A key property is that provided that the class of designs D is sufficiently flexible (outside

boundary solutions), it follows that at the optimum we would expect to equalize

o B

o B*
That is, we allocate sample size to noisier treatment arms when the variance dominates, and

select treatment arms with largest sensitivity when the bias dominates.

B/ Y=t

ala

Figure 1: Each feasible design (£, %, W) maps to a point (oz/oz*7 B/B*): the z—axis is the variance ratio and
the y—axis is the worst—case bias ratio. The blue curve depicts the attainable frontier as we vary shrinkage
W and precision . Level sets of the objective R = max{«a/a*, 5/F*} are axis—aligned squares (the dotted
inverted “L” shows the smallest such square touching the frontier). The minimizer outside boundary solutions
is where the frontier meets the 45° line (red dot).

Remark 5 (“Bias-aware” Neyman allocation). The solution in Theorem [I| has the desirable
feature that, conditional on the chosen experiment and W, it takes the form of a Neyman
(variance-optimal) allocation. For instance, in the special case with a single parameter
to learn, identified by a single experiment, the solution in Theorem [1| coincides with the
standard variance-optimal (Neyman) allocation. However, in our leading applications where
not all parameters can be learned experimentally, the resulting allocation generally differs
from the standard Neyman allocation one would obtain by ignoring the sensitivity of the
estimand to misspecification. It is therefore natural to refer to our design as a (novel) “bias-
aware” Neyman allocation, where the choice of the experiment and weights trade-off bias and

variance, and optimal sample size minimizes the variance conditional on these choices. [

Example 7 (Intuition with two parameters). To build intuition, consider a two-parameter
model with 8 = (61,60,)7, and B(B) = {b: ||b||oc < B}. For each j € {1,2}, suppose that we
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have an observational estimator S;»’bs and, if experiment j is run, an experimental estimator

S, with mutually independent errors S9* — 0; ~ N (bj,07), S5 — 0; ~ N(0,07),j = 1,2.

For simplicity, 0]2-

and v?- are fixed. Because of budget constraints, the researcher can run
only one experiment, & € {{1}, {2} }. If experiment j is run, write with an abuse of notaiton
W; = W;; € [0, 1] for the weight placed on the observational estimator for component j. We

write the j*-entry estimator as

0;(W;) = (1= Wy)SSP + W8>, 0_; = S°%,

where —j denotes the other component. To first order, 7(8) —7(8) & w1 (6; — 6;) +ws (0 — b5),

where we assume wy,ws # 0.
2

For a fixed experiment j and weight W, the variance-minimizing weight is —'— + 75 and
2 2 o Y] 2 2 2
. J . .
o " el | 0l +wioj— o242 [ B0 Wj) = (lw—j| + Wjlw; )™, B = min{wy, wy}

2

while 3(j, W) is increasing in Wj, no value W > —/— + ?

Since a(j, W) is minimized at —7 + 7,

can be optimal. Therefore, W} € [0, - j 2] and (see Appendix I for details) Wi = 0 if

v2

; ; (7, 02 V2 —) B(J, Pl Jvz)
[0 ) (0%
2 . .
Uj Oé(],W) 6(]7W)
Wr=W; e (0, —— h that 17— J
f i€ ( 0]2 n UJZ) suc a - 5

otherwise. The first case arises when the bias regret already dominates at the bias-minimizing
endpoint; the optimal choice then uses only the experimental estimator for the experi-
mentally sampled component. The second case arises when the variance regret still dom-
inates at the variance-minimizing endpoint; the optimal choice then uses the variance-
minimizing weight. The third case is the interior (most-interesting) case, where the op-
timal weight equalizes the variance and bias regrets. Finally, the optimal experiment is

J* € argminje(; o) max { a(j!*v;), BU}JKV;)} . H

3.3 Applicability and comparison with adaptive non-linear estima-

tors under fixed design
We pause here to discuss benefits and limitations of the solution in Theorem [I], and compar-
isons to settings with non-linear estimators studied for fixed-design problems in the literature.

First, note that the characterization in Theorem [1] is most useful in the regular case in

which both benchmarks are bounded away from zero, a* > 0, 5* > 0. The first condition is
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a standard non-degeneracy condition: no feasible design delivers a noiseless estimate of the
target. The second condition is more substantive and defines the main class of applications
studied in this paper. It says that, given the budget and feasibility constraints encoded
in D, no feasible design and linear rule can eliminate worst-case bias in 7(#). This is the
extrapolation problem that motivates our framework: experiments can identify some policy-
relevant parameters or moments, but not the full counterfactual object.

The boundary case f* = 0 has a different interpretation. It means that the feasible
set contains a design and estimator that identify the target without any worst-case bias.
This case is less central for the applications we emphasize. It arises naturally, however, in
the classical problem of combining two estimators for a single target parameter, when one
estimator is unbiased for that same target. When $* = 0, the proportional-regret criterion
over fixed linear rules can collapse to a lexicographic preference as other minimax criteria:
first eliminate worst-case bias, and only then minimize variance among bias-free rules. This
behavior follows from Theorem [I} and it may be undesirable if the empirical goal is to use
the data to decide whether the biased but more precise estimator appears credible.

Adaptive procedures, such as those in |Armstrong et al. (2024); de Chaisemartin and
D’Haultfoeuille (2020), are particularly well suited for that fixed-design problem, and avoid
such lexicographic preferences for g* = 0. When the experimental and external estimates
agree, they can place more weight on the precise external estimate; when they disagree, they
can place less weight on it, with the weights being asymptotically random variables. These
data-dependent rules can therefore improve the robustness-efficiency trade-off in settings
where an unbiased estimator of the target is already available and the main question is how
much to trust an additional biased estimate, and estimation is solved via worst-case priors.

Our problem however is different as the researcher must also choose the design. Restrict-
ing attention to (asymptotically) linear rules delivers a tractable solution to our leading
non-boundary cases where S* > 0, easier-to-optimize, as described in Section below.

Interestingly, when researchers use non-linear estimators to improve performance, the
objective for the optimal design in Theorem (1] offers an upper bound (surrogate objective)
on the worst-case regret with a non-linear estimator under restrictions on the misspecification

set, formalized in Proposition 2|

3.4 Optimization

We now provide an explicit optimization routine. We assume that observational estimates
are independent of the experimental estimates, but may be correlated with each other; ex-

perimental estimates are mutually independent. This corresponds to settings in which exper-
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iments are conducted on independent samples, separately from the observational sample, as
in our applications. For example, the experimental estimates may correspond to separate ex-
periments or to arm-specific means computed on disjoint randomized samples. More general

dependence structures can be accommodated by replacing the covariance matrix below.

Notation and decision variables. We take Y., to be the variance—covariance matrix
of the observational study estimates and "U]2~ /n; the variance of the experimental estimates,
for known UJQ-, where n; denotes the sample size allocated to experimental estimate j €
E. We optimize over the sample-size allocation throughout. Fix nonnegative weights x =

(K1, Kp,) € RE and consider a general weighted rectangular ambiguity set
B.(B) = BC,, Co={ceRP || <ky, (=1,...,p0}.

Allowing x;, = 0 imposes by = 0. The weights x are fixed ex ante and determine the
relative magnitudes of misspecification allowed across components. Additional restrictions
encoded in the set C, can be incorporated provided that the resulting set is convex and
compact. For symmetric misspecification sets, we can set k, = 1 for all ¢, in which case
BC ={c e R :||c||s < B}, our leading example.

Let x; = 1{j € £} € {0,1} indicate whether experiment j is run, and let z € X, where
X denotes the feasible set of experimental designs. Write £(x) = {j : x; = 1}. For a given

design x, the researcher observes gg(x)’g, which stacks the observational estimates and the
~ b
experimental estimates available under £(x). By Setting |1} E[S¢(y)x] = Ac@)0+ (O) , where

the first block corresponds to observational estimates and the second block corresponds to
experimental estimates.
We optimize directly over the linear weights placed on the available estimates. Let a

denote these weights, so that the estimator of the target is
TG T T b T
To=wota Sewys @ Agy=w , a= (ao S,anp) : (10)

This parametrization mantains the same GMM structure but, computationally, avoids opti-
mizing directly over a GMM weighting matrix.ﬂ All minimizations over a below are under-
stood to impose the constraint in Equation , together with any additional restrictions

on linear weights.

9Indeed, if a minimum-distance estimator with weighting matrix W is Oy =

1 _ R )
(AE(I)WAS(:EO Ag($)WSg(w),E7 then the induced estimator reads as w'fw = apSew) s, aw =

-1
WAg () (A;(I)WAg(I)) w. The inverse matrix makes the map W +— ay nonlinear. For computation, it

is therefore simpler to optimize over the induced linear weights a, subject to the calibration constraint.
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If experiment j is run, n; denotes the experimental sample size allocated to component

J, and ¢; > 0 denotes the corresponding cost. The budget constraint is > jeg() Gy = M-

Variance, bias, and optimal sample size. Assuming independent experiments, and
independence between the observational and experimental estimates, the variance of the
plug-in estimator reads as (a°) " Xopsa® 4+ 37 ey (a5 )22—5, where Y, is the covariance
matrix of the observational estimates and vjz /n; is the variance of the experimental estimate
for component j. The sample sizes enter only through the experimental component. For

fixed x and a, the optimal sample allocation iﬂ
a7 v/ /S
> laPloeyar

ke&(x)

*
J

ni(a,z) =n j € &(x).

(11)

Correspondingly, with a slight abuse of notation, denote the variance and bias sensitivity as
1 2 Po 2
bs\ T b X b
@)= @ T 3 o) e = (da) G
Jec(x =

We write the oracle solutions as

ot = min az(a = min a).
zeX, a:aT Ag(zy=wT x( )7 ﬁn z€X, a:aT Ag(zy=wT ﬁn( ) (13)

For fixed z, both problems are convex. If X has a mixed-integer representation, the same

problems can be written as mixed-integer convex programs.

Regret-optimal solution. Using the optimal sample allocation in Equation , this

problem can be written directly as the following epigraph problem:

min t (14)
x,a,r,2,t
s.t. Ag(x)a = w, t >0, re X (15)

1
(aObS)TEobsaObs‘i‘ﬁ Z ijj\/c_j StOé*,

je&(z)
Po 2
<Z IigZ[) S tﬁ; (16)
=1
Ty >a;’, rj > —a;’, z0 > ag™, ze > —ad™,

j € €&(x), C=1,...,p. (17)

10For simplicity, we consider a continuum of sample size; in practice, researchers may threshold this number
to the closest integer. This constraint can also be written explicitly in the optimization program.
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The auxiliary variables r; and z, represent the absolute values of the experimental and
observational weights. At any optimum, r; = [aJ"|, z; = |ag"®|, because larger values only
tighten the variance and bias constraints. Hence, the constraints in Equation are exactly
a,(a) < tar, B.(a) < tBr. For fixed x, the problem is a convex conic program. With binary z,

it becomes a mixed-integer convex conic program and can be solved using standard solvers.

Algorithm 1 Regret-optimal experimental design

1: Inputs: target weights w, loading matrices Ag(,), observational covariance Y,p,s, experimental vari-
ance parameters (v), per-unit costs (c;), bias weights k = (K1, ..., Kp,) ', total budget n, and feasible
experiment set X.

2: Compute oracle quantities. Obtain a* and 8% by solving Equation .

3: Solve the regret problem. Solve the optimization problem f for each = € X, or solve the
corresponding mixed-integer conic program when X has a mixed-integer representation.

4: OQutputs. Let (*,a*,t*) denote an optimizer. Report:

e the regret-optimal experiment set £ = {j : 2 = 1};
e the optimal linear weights a*;

e the regret factor t* = max {%*7('1*) %f*)} ;

o* ’

e the optimal sample sizes n}, obtained from Equation (11).

4 Experimental design for general reporting rules

This section studies setting where researcher may consider more general reporting rules.

4.1 Reporting evidence to Bayesian audiences

In some applications, researchers may not want to restrict attention to a particular estimator
for combining experimental and observational evidence. Instead, they may report the avail-
able statistics and allow an audience to update according to their own prior beliefs about

the observational bias. This subsection studies such a formulation.
Setting 2. Let 7 denote an audience prior on (6, ), so that
(0,b) ~m, mellp,

for a class Il indexed by a parameter B > 0. The prior 7 captures the audience’s beliefs
about both the target parameter and the possible bias in the observational evidence. The
prior m and parameter B indexing IIp are unknown to the researcher. For a design (£,3),

researchers report for known Ag, 2
G b
Sexl(6,b) ~ N <A59+ (0 > ,Z) , b e RPe. (18)
€]

23



Given the report 55727 an audience with prior 7 forms the posterior distribution of 8, and of
the (linearized) estimand 77, (#). See Figure [2| for an illustration. O

Setting [2| captures scenarios where researchers may report the vector of statistics, and
allow the audience to form their posterior belief akin to models of scientific communication
(Andrews and Shapiro, 2021} Banerjee et al., 2017)). While previous references fix the exper-
iment choice, here we optimize over which statistics to report (and their precision), which
changes the problem structure. Ambiguity is captured through the unknown prior 7 and
restriction class IIp (while the map B+ Ilp is assumed to be known, B is unknown, as in
Section . We interpret the Gaussian assumption as following from standard asymptotic
approximations; similarly, following Assumption [3, we focus on the linearized estimand 77,
which is interpreted as an asymptotic approximation.

Under squared-error loss, the posterior risk of the audience updating their own beliefs is

the posterior variance indexed by a prior 7 as below
VW (TL(H) ’ 5'572) = wTVﬂ (9 ’ S’g@) w.

This criterion separates the design problem from the choice of the estimator: the researcher
chooses what evidence to generate and report, while the audience chooses the posterior
estimator implied by the prior. Because 3572 is not observed at the design stage, we evaluate

designs by the expected Bayes risk
L(E,5) = Br [0V (60| Se) ],

where the expectation is taken over the prior predictive distribution of Sg,g induced by 7 and
the sampling model in Setting 2] Equivalently, L, (€, ¥) is the expected posterior uncertainty
about the target after implementing design (€, X).

If the researcher knew the class of priors Ilz, the natural design would minimize

Lp(&,%) = sup L(€,%) (19)

TI'GHB

with B controlling the bias-variance trade-off. In practice, the researcher’s knowledge may be
limited, and may lack information about relevant restrictions on the bias captured through
B. Therefore, consistent with the previous section, we evaluate designs using proportional

regret relative to an oracle that knows the prior function class Ilp.

Definition 4 (Audience proportional regret). For a given set of priors m € Ilp, indexed by
B > 0, denote the audience proportional regret relative to an oracle with knowledge of Ilg

as _
Lgp(&,2
RBayeS(g’E) = sup - B( 2 ) —.
B>0 lnf(E’,E’)ED LB(E ,E )
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Audience updating

Design Audience has prior

Researcher chooses mell

experiment set and Communication forms posterior for

precision Researcher reports 7(0)

(&,2)eD Sex and (€,%) and incurs Bayes risk
t=20 t=1 t=2

Figure 2: Timeline of the communication model. The researcher chooses what evidence to generate and
report, while heterogeneous audiences update according to their own priors.

The numerator is the worst-case expected posterior risk induced by the chosen design,
while the denominator is the smallest worst-case expected posterior risk attainable by an
oracle that knows 7 € IIp for a given feasible subset of priors IIz. The objective asks for
a design that performs well uniformly over the audience priors in Iz, B > 0, relative to an
oracle that knows B, without the researcher committing to a single estimator.

The proportional normalization plays the same role here as in the previous section. To
see this, suppose that II contains priors which are highly diffuse for b. In this case, an
audience places little weight on observational evidence, and the posterior risk of any design
is driven by the components of the target that can be learned experimentally. A minimax
posterior-risk criterion, sup,cr; L (€, X), would therefore be dominated by the most skeptical
priors in II. Similarly, an additive-regret criterion may give lexicographic priority to designs
that perform best in this large-bias-prior region. The ratio allows the researcher to remain
agnostic over the audience’s prior beliefs without letting the design be dictated only by the
most pessimistic beliefs about observational bias.

The constraints in D control the oracle risk to be bounded away from zero, as for instance

in settings where not all parameters can be learned experimentally.

4.1.1 Exact and surrogate objective

In the following lines we provide an exact characterization under the class of priors below

and draw a connection between the solution in Theorem [I| and the Bayesian problem.

Definition 5 (Class of priors). Fix C the compact convex set introduced in Section [3} Let
IC = co {UUT v el } denote the the convex hull of rank-one covariance matrices generated

by the admissible bias directions in C. For p € RP>, B € R, unknown to the researcher, let

E.[b]0] = p,
HB:{W: b]6] =p
E

(20
A(b—p)(b—pu)" | 0] X B2K for some K € K, m-almost surely } 20)
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where the marginal prior over 6 is unrestricted.

Here scalar B? indexes the overall prior variance of the observational bias, while K
determines the direction of this prior uncertainty. In the simple case where ||v||o < 1, K

T each of which has rank one.

denotes the convex hull of covariance matrices of the form vv
For instance, b = u+ BZv, Z ~ N(0,1), has covariance matrix B2vv ", where v characterizes
the direction of prior uncertainty about the bias. More generally, K allows convex mixtures
of such directional covariance matrices. The prior mean p instead affects posterior means
but not posterior variances, and therefore will not affect the posterior-risk criterion below.
The oracle may know the prior variance scale B2, in the same way that the oracle in
Section [3]may know the radius of the bias. We do not allow the oracle to know the covariance

direction K to avoid over-pessimistic comparisons.m See Figure |3| for an illustration.

(a) K determines direction and shape  (b) B determines magnitude
2
‘E\‘\\ v1 ’,——')
\ ) ,,»’ L’
-~ .
\ L’ g
\ \ ’ //
Y 1 -~—
N
— K = fulvir — B3
--- Kb ek --- B2, Bo > B;

Figure 3: Geometry of the class of priors for p, = 2. Panel (a) holds the scale B fixed and compares two
possible covariance matrices K. A rank-one matrix K; = wvjv] concentrates prior uncertainty along one
bias direction, while a more diffuse Ko € K consider a micture of the two directions in the plot. Panel (b)
holds K fixed and changes B, which scales the magnitude of prior uncertainty about the observational bias
b without changing its shape.

Because I denotes a convex hull, it admits a large class of covariance matrices.

Example 8 (Two potentially biased estimates). Suppose p, =2 and C = {v € R? : ||v]|o <

1}. Then K contains every covariance matrix of the form

2
k=70 P72 0<om<l, —1<p<l
pPo102 O'%
Indeed, letting vy = (01,09)" and v_ = (01, —09) ", we have K = 22y o] + 1220 0] €

IC. Thus, rank-one elements correspond to perfectly aligned bias directions, whereas their

"1 Namely, if the oracle were allowed to know K, the oracle design could vary with the covariance direction
K. The resulting regret would compare one design chosen before knowing K to a different K-specific oracle
design for each possible direction of prior bias uncertainty, making such comparison very conservative.
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mixtures permit arbitrary marginal variances and correlations.E O]
In the following proposition we provide an exact characterization.

Proposition 1 (Bayesian objective). Let Assumptions [}, [4, [ hold and consider Setting [3
Let Tlg be the class of priors satisfy Definition @ Let || - ||« be defined as in Definition @

Then
min {aTEa + B2Ha1:pon}

. T,
a: Aga=w

RBayes(g E) = sup .

) T 2 2

B>0 min  min {(a/) Y'a' + B, |l }
(&' 32)€ED o A;,a’:w e

Proof. See Appendix [A.2] O

The characterization of the worst-case Bayes risk for fixed B is closely related to the
worst-case MSE studied in Section 3.2} the variance takes a quadratic form as a function of
¥ and the bias is equivalent to B2 in Definition [3| with a = T'(W)Tw.

The proportional regret has however an important distinction: in the Bayesian audience
formulation, the audience forms posterior beliefs using a prior on the observational bias. As
a result, the posterior mean of the target, equivalently the induced linear weights a, depends
on B. Thus, when we evaluate the posterior risk, the implicit estimator may vary with B.
This differs from Theorem [T}, where the researcher commits ex ante to a single linear rule for
which B remains unknown, and the worst-case MSE is evaluated after this commitment.

An implication of Proposition [1]is that the regret in Theorem [1| serves as a surrogate.

Corollary 1 (Surrogate characterization). Let the conditions in Proposition |1 hold. Let
a* = inf(g s)ep Min,, 474, @' Xa, 5* = inf(e s)ep ming, aTo—y [[a1y,[|7. Then, for any feasible
design (€,%),

RBayeS(g,E) < min max{aTEa, Hal:poHi }

a: A;a:w a* 6*
Proof. See Appendix [A.3] O

Corollary [1| shows that optimizing the objective in Theorem [l| (and Section , after
optimizing over the estimator a (equivalently W in the notation of Theorem [I|) provides us
with an upper bound of the objective under general Bayes updating rules which may serve
as a surrogate objective. As a result, when researchers prefer the simplicity of the solution
in Theorem (1, they may lean on this objective and still obtain provable guarantees for the

audience-regret. On the other hand, optimization of the objective in Proposition [I]is feasible.

12We can further relax the definition of K, and allow for a set K’ =
{K =0:a" Ka < sup,cc(a'v)? for every a € RPO} , without affecting any of our subsequent results
(omitted for exposition only); when C corresponds to the set so that |v;| < k;, K’ imposes constraints on
the marginal variances to be bounded by n?BQ, without restrictions on the correlations between entries of b.
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Remark 6 (Optimization of audience regret is a mixed-integer convex program). Appendix
derives the complete optimization program for the audience regret. The program is simi-
lar in spirit to the one in Section [3.4], with an additional grid choices over a uni-dimensional B
to discretize the continuous choice over B. This corresponds to a mixed-integer convex pro-
gram (and a convex program for fixed experiment choice £) which can be solved numerically

using standard mixed-integer solvers using the structure of Proposition [I} O

4.2 Nonlinear adaptive estimators

The previous subsection considered a formulation in which the researcher reports the avail-
able statistics and an audience with prior 7 uses its own posterior mean. We now consider a
complementary formulation in which the researcher also chooses the estimator, but does not
restrict it to be linear as for adaptive shrinkage problems studied by |Armstrong et al.| (2024))
under a fixed design. That is, we follow Setting [2] with one key distinction: the audience
action is to predict 7(6) using the reported estimator as opposed to use a posterior mean.

Specifically, for a design (£,X), let § denote any measurable function of the reported
statistics 5572. For a prior w € IIp, the audience incurs an expected loss E [(5(5&2) — TL(0)> }

where the expectation is taken over the prior predictive distribution induced by 7 and the
sampling model in Setting[2], and the decomposition follows immediately from the definition
of the posterior expectation. This objective differs from the Bayesian formulation in the
previous section, as it considers an updating action that coincides with § (5’ ).

As in previous sections, we compare against the oracle that has knowledge about the set

of priors Iz and must also choose the estimator ¢.

Definition 6 (Adaptive proportional regret). For a design (£,3), and given II, define

Suprerr, En [(5(9&2) _ TL(e))Q]

RM(E, %) = i161f sup .
B>0 . —

- £ Eﬂ" 0 (Ser sv) — 2]

(5’75’1)16D,6’7r/sé1§)3 [( (Sers) = 7o )) }

The infimum is over all measurable estimators based on the report Se x. O

The problem is typically not quasi-convex and therefore the solution differs from the
one in Theorem In particular, for an unrestricted class of priors, the solution can be
obtained by solving over the least-favorable prior distribution as in /Armstrong et al.| (2024]);
Chamberlain| (2000). As we discuss in an example in Appendix[C.2] the optimal § estimator
has an interesting adaptive structure which is useful under fixed design, but the choice of

the design is computationally expensive once we focus on non-linear rules. In the following
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proposition, we show that under the class of priors in Definition [5] the objective provided in
Theorem [I] gives us a valid surrogate objective function for the design choice. We provide

easier-to-compute an upper and lower bounds on the adaptive regret.

Proposition 2 (Surrogate on non-linear regret). Let Assumptions @ @ hold and suppose
Equation hold. Let Ilg be the class of priors in Definition @ with bias cented around
zero, so that = 0[5 Let || - ||. be defined as in Definition[d Then

T 2
RBayes(gjz) < Rad(g,Z) <  min max{a Ya HalipoH*}7

a: A;a:w ax 5*
where o and $* are defined as in Comllary and RP»*(E %) as defined in Proposition .

Proof. See Appendix [A.4] O

Under the class of priors in Definition 5] the choice of the design under linear estimators as
in Theorem [1| provides us with an interpretable and easy-to-compute surrogate objective for
the design choice for this interpretable class of priors Ilg. That is, researcher can optimize
the design choice “as-if” they were to use linear estimators to obtain provable guarantees
while controlling the computational complexity. This new result shows that, even after
committing to useful non-linear rules, the optimal design for a particular linear rule provides
a useful upper bound on the objective. The lower bound on the other hand is informative
on how far the objective function under the optimal design for a surrogate objective is from

the non-linear regret rule. The lower bound can be computed off-the-shelf, see Remark [6]

5 Extensions

5.1 Confidence intervals

We now extend our framework to experimental design based on confidence interval length.
We continue to consider the linear estimator in Setting |1/ and Assumption |3| motivated by a

first-order (asymptotic) approximation.

Setting 3. Consider linear estimators in Setting [Il For a candidate design and estimator
(€,%,W), and a given observational bias b € RP°, define the two-sided (1 — n) confidence

interval for 77,(0) as

Lb(5> Za W) = [TL(éW) - a?/[?sb — R1-n/2 a(ga Ea W)7 TL(éW) - a?/[l;sb + R1-n/2V a(57 27 W):|a

1

311 = 0 is without loss whenever y is known by the researcher so that the estimator can be recentered.
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where z1_, 5 denotes the (1 — 1/2)-quantile of the standard normal distribution and af® =
[wTFS(W” 1:p

An audience indexed by a worst-case bias radius B > 0 forms a conservative confidence

therefore adjusting for the bias.

interval by taking the most conservative endpoints over the ambiguity set B(B) as defined

in Equation () [} Specifically, define

€S W)= | wE W)
beB(B)

with its length defined as |I5(£, %, W)|. Assume in addition that C in Equation (6] is such
that C = —C (is a symmetric set).

The researcher does not need to know the audience’s choice of B. Researchers may
report the point estimate, its standard error, and the sensitivity measure y/(E, W), allowing

audiences with different values of B to form their preferred bias-aware confidence intervals.

See Figure {4 for an illustration. O
Audience
Reporting Observe reported Ex-post loss
Compute 7, (6w ) statistics Confidence interval
Design Report a(E, %, W) Choose B >0 length
Choose (£,2, W) Report S(E, W) Form Ip(E,%, W) [Ip(E, X, W)
t=0 t=1 t=2 t=3

Figure 4: Setting when minimizing confidence intervals. Timeline of experimental design,
reporting, audience choice of the bias radius, and confidence interval length.

As in the MSE analysis, define proportional regret relative to the oracle that minimizes

the confidence interval length as

Ig(E, S, W) ,
REE, D, W) = 5(€, %, W)| Len*(B) = £ |Ig(E, S, W)|.
( ) S en*(B) en”(B) et 15 ( )|
WeW(E,X)

The next theorem shows that minimizing proportional regret based on confidence interval

length leads to the same optimal design and estimator as minimizing MSE-based regret.

14This connects to the notion of bias-aware confidence intervals (Armstrong and Kolesar, 2021)), although
here studied under the different lens of an audience action perspective where B remains unknown to the
researcher; this differences implies that our objective differs from this literature as it defines the proportional
worst-case regret instead of the length of confidence intervals where B must be pre-specified ex-ante.
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Theorem 2 (Equivalence of MSE and confidence-interval-length optimal solutions). Con-
sider Setting @ and let Assumptions @ and@ hold. Then, for any feasible (€,%, W),

arg min  RE(E L, W)=arg min RMEE o W).

(£,2)eD, (£,2)eD,
WeW(E,Y) WeW(E,Y)
Proof. See Appendix [A.5] O

Theorem [2| shows that confidence interval length preserves the same bias—variance trade-
off as the MSE criterion.

The assumption that C is centrally symmetric in Setting [3| holds whenever C is a norm
ball, but may fail under sign restrictions. Without central symmetry, the lower and upper
endpoints of the confidence interval depend on distinct directional bias sensitivities. The
confidence interval length regret continues to admit a maximum-type characterization. Its

minimizer, however, need not coincide with the MSE-regret minimizer.

5.2 Multivalued estimands

We now extend the framework to a multivalued target 7(0) € RY. Specifically, as in Assump-
tion , let 7 be differentiable at the preliminary value 63>, and define the multivariate linear
approximation

or(0)

_ b bsy __ _
TL(Q) - T(98 S) + Q(e - 08 S) - QO + Qe’ Q - 80T ‘Ozggbs

qup’ 0y = T(eng) _ Q@Sbs.

When 7 is linear, this representation is exact. When 7 is nonlinear, the approximation is
first-order equivalent to 7(6) under the local asymptotic conditions in Section .
Following Setting , consider a linear estimator of the form TL(éW) = Qo+ QéW =+
QPg(W)gg’g. For simplicity, we evaluate this estimator using the sum of the mean-squared
errors of the ¢ target components, although pre-specified versions of it follow similarly. For

a given observational bias b as defined in Assumption [T} define
. 2
MSEy(E, 8, W) = Ee.x {HTL(QW) - TL(e)M . (21)

We retain the ambiguity set introduced in Section [3.1] for B(B) = BC. With a slight

abuse of notation, redefine the variance and sensitivity component,

2

a(€,%, W) = Trace (QI‘g(W)EFg(W)TQT) . BE,W) =sup H[QFg(W)].J:pO uH2 L (22)
u€el

The quantity S(E€, W) measures the largest joint perturbation in the multivalued target

induced by an observational bias of unit norm. Define the corresponding benchmarks

*=  inf by * = inf .
a (S,IE%E'D, a(57 ) W)7 B (5,12%6'D, 5(87 W) (23)
WeW(E,) WeW(E,)
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The oracle MSE and proportional regret are defined as in Section (3.1} replacing the scalar
squared-error loss with the loss in Equation .

Theorem 3 (Multivalued estimands). Consider Setting [1] and let Assumptions|[1], [4, and[3
hold, with T,(0) = Qo + Q8 € R?. Let the MSE, variance, and bias sensitivity be defined in
Equations 1)), (22)). Then, for any feasible (€,%, W), using the convention 0/0 = 1

RMSE(£ 5 W) = max { al&, %, W) SE W) } .

a* ) 6*
Proof. See Appendix [A.]] O

Theorem [3] shows that moving from a scalar to a multivalued target does not change
the structure of the design problem. The variance criterion becomes the trace of the target
variance-covariance matrix, while the bias criterion becomes the largest Euclidean pertur-
bation of the target over the unit ball of observational biases. The regret-optimal design

continues to minimize the maximum between the normalized variance and bias components.

5.3 Partial knowledge of the bias bound

We now extend the baseline analysis to settings in which researchers have prior information
about the magnitude of the observational bias. We focus on Setting [T since this partial
information can be directly incorporated on the set of priors II for Setting [2

Suppose, in particular, that researchers know that B € [0, B] for a known upper bound
B < oco. All other elements of the problem remain as in Section . For a feasible design and
estimator (£, %, W), define proportional regret over the restricted range of bias magnitudes

as
sup MSE,(E, %, W)

RMSE(E S, W) = sup bEB®) - ,
B Be[0,B] MSE (B)

(24)
where MSE*(B) is the oracle MSE defined in Section [3.1] The next theorem provides the

corresponding regret characterization.

Theorem 4 (Regret with a bounded bias radius). Consider Setting and let Assumptions
19 and[5 hold. Then, for any feasible (€,%, W),

MSE _ Q(E,Z,W) Od(g,Z,W) +32/8(ng)
RETE(E W) = max {20, e 4 PE )
(&',2)eD,
Wew(e =)
Proof. See Appendix [A]] O
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Theorem [4] shows that, when researchers know an upper bound B on the magnitude of
the observational bias, the worst-case proportional regret over B € [0, B] is again determined
by two terms. The first is the variance regret, @, which corresponds to the case B = 0.
The second compares the worst-case MSE of the chosen design and estimator at the largest
admissible bias radius B with the smallest worst-case MSE attainable by an oracle that
knows B = B. The result therefore has the same structure as Theorem , but the large-bias
limit is replaced by performance at the finite upper bound B.

Compared to minimax solutions over B, proportional regret avoids over-conservative

solutions through the max operator even if B is particularly large.

Remark 7 (Partial knowledge about relative biases). In some applications, researchers may
have partial knowledge about the relative bias of the estimates or sign restrictions on the
bias. This can be readily incorporated within our framework as it can be captured by the
specific set C chosen by the researcher, such as imposing |b;| < ¢; B for a user specified choice

of ¢;j, or imposing sign restrictions for instance B > b; > 0. O

5.4 Illustrations of local asymptotics with non linearities

Following Example |2, let § € RP denote the primitive structural parameter, and let §ng
denote a preliminary estimate; 5ng could be obtained from the observational study alone,
with 65" = plim (58“) . Let the target estimand be 7(#). For an experimental choice &,
let g°P%(0) € RPo, g®(0) € RIEl denote the population counterparts of the observational
and experimental moments, and let G°* and G;’jg denote their sample analogues. Let n
index the precision of these sample moments, so that their sampling standard errors are of

~1/2

order n~/%. We allow the underlying parameter to vary along a local sequence, suppressing

its n-subscript. Consider the setup of Example [2, Equation , with E[G™] — g°P%(0) =
bn, E[GES] — g2¥(0) = 0, where b, € RP denotes the bias of the observational moments.

Under twice differentiable moment functions with locally bounded second derivatives, a

3y

We further write, after defining the report with appropriate y/n-rescaling, V (\/ﬁS’gg> =

Taylor expansion gives

Vn (E[SS,Z] - A59) = <\/OTEZ|M> +0 (\/ﬁ HG — o5

Y+ o(1), where the eigenvalues of the feasible covariance matrices ¥ are uniformly bounded
above and away from zero. Thus y/nS has covariance matrix ¥ + o(1), so that, after y/n-
rescaling, the representation coincides with the one used in the main analysis and satisfies

Assumption [2| (covariance bounded away from zero).

33



For the Taylor remainder to be asymptotically negligible at the sampling-error scale, it
is sufficient that v/n [|6 — HSbSHQ = 0(1). The bias b, may be of the same order as n~/2, of a
faster order, or of a slower order, provided that the relevant local restrictions hold. In the
special direct-parameter case where g°(0) = 0, and b, = 65> — 6, the preceding condition
becomes /7 ||b,||?> = o(1). The usual b, = O(n~'/?) local-misspecification sequence is a
special case (Andrews et al., [2020; Armstrong and Kolesar, [2021)).

It remains to relate the primitive parameter to the policy target. If 7 is twice continuously
differentiable in a neighborhood of 63>, with locally bounded Hessian, then \/n (7(0) — 71,(0)) =
o) <\/ﬁ |6 — engHQ) . Therefore, under /n ||6 — 08'05”2 =o(1), 7(0) — 1.(0) = o(n~1/?).

Similar reasoning applies when the expansion point is replaced by a preliminary estimator

9g°™(9) SO
N KObS ae‘l’ 9:§0bs B Gobs o gobs(agbs) 4 Aob598bs
AE = A exXp - (9 eXp(Q) ’ ’ Sg,z - ~ex exp / nob: A exp pob
Ag 99 \9) Ge% — g P (057) + AgPoghs
86T 9:§8bs

A Taylor expansion under twice differentiability and bounded derivatives gives

Gobs . E[GObS] (ﬁ bn
+

Vn (Sg,z - ng) =vn o o
GES — E[GES]

) w0, (vao- 7

Oje|

)

= 0,(1). Similar

Thus, the same first-order representation continues to hold if y/n HH - é\gbs

reasoning applies if we replace 7,(0) with w evaluated at the estimated 58'05 instead of its

probability limit, provided 7 is twice continuously differentiable with bounded derivatives.

5.4.1 Local misspecification and estimation of ¥

Local asymptotics discussed so far also clarify why we treat the observational bias b and the
variance-covariance matrix 3 differently. Under local misspecification, the observational bias
generates a shift in the mean of S that need not be asymptotically negligible. By contrast,
under continuity of the asymptotic variance, evaluating the variance-covariance matrix at
the probability limit of a preliminary estimator changes it only by a negligible amount.
Suppose that for each experimental choice £, the asymptotic variance-covariance matrix
can be written as a continuous function 3¢ (6, b), where 6 can include any nuisance parameters
or second moments needed to determine the covariance matrix. The dependence on b allows
local misspecification to affect the variance in finite samples. Under local misspecification,
consider a sequence of parameters 6, — 65" = o(1), and write the variance as
On
ﬁ,

A [\/ES&E} = Se(0n,by) +0(1)  Eg [SE,E} — Agh, = (0();') b=
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where ||0,]| = o(n'/*). This condition allows d, to be zero, to converge to a finite limit, or

1/4

to diverge at any rate slower than n'/*. In every case, b, = o(1), so the underlying mis-

specification remains local to zero. After root-n rescaling, however, the mean shift becomes
B} 5,
r{gan, [ses] - en} -

Ojey
at the normalized scale and need not be asymptotically negligible.

By contrast, continuity of Y¢(6,b) at (65,0), together with 6, — 65> = o(1) and b,, =
o(1), implies X¢ (0, b,) — Xe(05>,0) = o(1). Hence, although the normalized mean may be

) . Thus, observational misspecification remains relevant

shifted by d,,, the effect of local parameter drift and local misspecification on the asymp-
totic variance is negligible. The asymptotic variance relevant under the local sequence can
therefore be evaluated at (65",0) without affecting the first-order approximation.

Finally, note that researchers may replace ¥¢(65,0) with a plug-in estimate constructed
using a preliminary estimator é\gbs —, 05, satisfying in operator norm HZg(é\gbs, 0) — Xe(65",0) H =
0p(1). In this case, under suitable regularity conditions, the estimation error for the variance .

is asymptotically negligible (of second order) for our analysis.

6 Empirical illustration

Because large-scale experimentation is typically infeasible due to cost constraints (Muralid-
haran and Niehaus, 2017), researchers often combine experimental and observational data
to extrapolate effects from small-scale experiments to learn general-equilibrium effects (e.g.
Attanasio et al., [2012; Meghir et al., |2022; Todd and Wolpin, 2006)). The goal of this sub-
section is to present a step-by-step practitioner’s guide with an example, and compare our
regret-optimal design to a standard variance-minimizing (Neyman) benchmark.

Consider a researcher evaluating conditional cash transfers for sending children to school
in Siaya, Kenya. Due to budget constraints, the researcher can only randomize at a small
scale (partial equilibrium), but ultimately wishes to predict GE effects. Researchers have
access to preliminary (external) estimates from the Mexican PROGRESA experiment (Todd
and Wolpin, |2006), although these preliminary estimates may lack external validity in Kenya.

6.1 Step 1: model description

The first step for a researcher is to describe how observational /external and experimental
estimates in Kenya are jointly used for estimation. Here, we consider a stylized model of
school choice following Bonhomme and Weidner| (2022), [Todd and Wolpin| (2006).

35



Individual choices Let S € {0,1} denote school attendance, C' consumption, Y (pre-
transfer) household income, W the child’s potential wage, and ¢ the stipend when enrolled.

Abstracting from covariates (we will introduce covariates in the estimation), utility is
U(O7S7ta€):§3C+§IOS+(§2_53_§l)t‘9+§45+557 €NN(0,1), (25>

with budget C =Y + W (1 —S5) +tS. The parametrization (§; — &3 — &) is without loss and
simplifies expressions below. Enrollment satisfies S = 1{U(Y+t, 1,t,e) > U(Y+W,0,0, 0)}
Letting Z(Y, W, t) = W — &Y — &t — &, we have P(S = 1| Y, W,t) = & — Z(Y,W,t)),
with ®(-) denoting the standard Gaussian CDF.

Model for GE effects We are interested in the effect of a marginal increase in the stipend
t offered to all eligible poor households in rural Kenya and paid upon enrollment. General-
equilibrium feedback operates through household income and child wages, which we write as
functions of the common stipend level ¢.

Specifically, for functions y(t) and w(t), and mean-zero idiosyncratic income and wage

shocks ey; and ey ;, define potential individual income and wages under the common stipend

t as
Yit) = y(t) +eyi,  Wilt) = w(t) + ews.
- ou() Bt
_ 9y _ Ow B
= |, T T | ¢ =E [¢ (=Z(Y(0),W(0),0))],

where ¢ is the Gaussian PDF. Our estimand is the marginal effect on school attendance of

increasing the stipend offered to all eligible households:

E [%Pus — 1| Y (), W(t), 1)

} = ¢o (&2 + &1yo — E3wo) - (26)
t=0
The expression decomposes into the direct stipend effect ¢pés, the indirect income effect

Do&1Yo, and the indirect wage effect —po&s3wy.

Market clearing conditions Suppose that every child who is not in school supplies a
fixed number H of hours. For a candidate mean wage w and transfer ¢, define child labor
supply per eligible child as Lg(w,t) = H]E[l — @(—Z(Y;-(t), w + ews, t))] . Let Lg(w) denote
labor demand per eligible child and let Wy = w(0) denote the baseline mean opportunity
wage. Market clearing requires Lg(w(t),t) = Ly(w(t)). Differentiating the market-clearing
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condition at ¢ = 0 gives

o — d0(&2 + &190) d= 1 9L4(w)
T g t+d = TH ow

>0 (27)
w=Wpy

To relate d to interpretable economic quantites, let Sy denote the baseline school atten-
dance probability. Under the maintained assumption that every non-enrolled child supplies
H hours, Ly(Wy) = H(1 — Sp), we write

1—-5 _ Olog Ly(W)

d= =
¢ Wy ¢ 0log W ’W:WO

(28)

where ( denotes the absolute labor-demand elasticity. In the presence of covariates, as in

Todd and Wolpin| (2006)), we can incorporate those as part of the probit model.

Parameters Collecting the main model specifications, our target parameters are

01 = doé, 2 = ¢oé2, 03 = —¢o&3, 04 = yo, 05 = log(¢),

where ( = €% guarantees a positive elasticity. We set Sy = 0.88 and W, = 40 x 0.64
purchasing-power-parity U.S. dollars per week, using the baseline data for females in eligible
untreated households in Kenya from Egger et al.| (2022)) and assuming forty-hours per week
working hours, so that (1 — Sp)/Wy = 0.0046. We treat these quantities as fixed pre-
experimental inputs as they are measured in the target population[] The corresponding

estimand is

0y + 0,0
7(0) = 0, T % + wo(0)05 wo(6) 2 T 7471 (29)

—~— —— 0.0046¢% — 93'
Direct stipend effect ~ Income effect ~ Wage effect

The explicit form of wy(f) follows from Equation (27)). Provided 0.0046e” — 05 # 0, it is a

smooth function of the parameters.

6.2 Step 2: preliminary estimation

We next construct preliminary external estimates of the three marginal schooling responses
01,05, 03 using data from the large-scale Mexican PROGRESA experiment (Todd and Wolpin),
2006)), which may exhibit external-validity bias. Throughout the remainder of the applica-

15The calibration of Sy also closely matches the school-attendance rate reported for Siaya County in the
2015-2016 Kenya Integrated Household Budget Survey, where Sy = 0.88. Skeptical researchers about these
estimates may also define these as potentially misspecified additional parameters within our framework.
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tion, we measure Y, W, t, and the experimental perturbations in real 2015 purchasing-
power-parity U.S. dollars per Weekm

We estimate the school-attendance equation by probit, pooling treated and control ob-
servations and controlling for the individual-level stipend. The specification also includes
the standard covariates used in the PROGRESA analysis, including age, distance to school,
eligibility status, year, and highest grade completed. Estimation is conducted separately by
gender; throughout the application, we focus on female students. In turn, we obtain obser-

obs,raw

vational estimates S7 .3 that map to the parameters 6;.3 after applying the normalization

above. The resulting normalized point estimates and standard errors are reported below.

Parameter Sobs \/ Siobs
7 TS 10" 593 % 10 0.00492 —0.0129 0.00636
. X . X bs -5
1 B B Zo s = [-0.0120 1112 —0.1441| x107°.
0 6.54 x 107 3.33 x 10 0.00636 —0.1441  1.186
0 —6.26 x 1072 3.44 x 1073
PROGRESA-based external estimates for female students Variance-covariance matrix of the
and corresponding standard errors, in probability points normalized PROGRESA-based external
per real 2015 PPP U.S. dollar per week. estimates for female students.

Table 1: External estimates from the PROGRESA experiment.

We obtain an experimental estimate of the income response in Kenya 6, = y, from Egger
et al.| (2022, Table 5, Panel B). The authors’ income-based multiplier is 2.28, with a standard
error of 1.73. We map this estimate to yo, so that S = 7, = 2.28, with \/ﬁ = 1.73, which
does not depend on the measurement unit. Similarly, we obtain an external estimate of { from
Wambugu| (2017), who studies labor-demand elasticities in the Kenyan manufacturing sector.
Under the author’s preferred specification, the estimated own-wage elasticity is —0.1709,
with an implied robust standard error of 0.0291. Because ( denotes the absolute labor-
demand elasticity, we set Z = 0.1709. Using the delta method, the corresponding external
estimate of 05 = log(() is S = log(Z‘) = —1.767, /X2 = 0.17. Because S and S¢b
are obtained from studies that are independent of the Mexican PROGRESA sample, we set

[e]

their covariances with S5 equal to zero. We also set the covariance between S$ and Sgbs

equal to zero because they are estimated using different samples.

16The PROGRESA variables used in our preliminary estimation are recorded weekly, all in real 1997
Mexican pesos. Let xp = gg}ﬁjz;i PPP;{ — R~ 0.29 denote the conversion from one real 1997 Mexican
peso to a real 2015 PPP U.S. dbllar, where PPP s 2015 is measured in Mexican pesos per international
dollar. We use the World Bank consumer price index and private-consumption PPP conversion factor; see
https://data.worldbank.org/indicator/FP.CPI.TOTL| and https://data.worldbank.org/indicator/

PA.NUS.PRVT.PP. The normalized regressors are therefore the original PROGRESA ones multiplied by k.
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Thus, collecting our estimates,

1.83 x 1074 0.2577
9% Osx1 Osxa 6.54 x 1073 97(0) 0.1130
=] O 1730 |, ST = 626x1077 |, w o= = 015
— Qobs
Oixs 0 0.172 2.28 b=5 2.071 x 10~°
log(0.1709) 6.979 x 10~*

The first-order approximation around égbs = S5°Ps gives us 7(0) = T(/Q\Sbs) +w (60— é\gbs) +
O(]|0— §8bs |?), where we treat the second-order remainder as asymptotically negligible under
the local misspecification model described in Section

Finally, a feature of the framework is that it requires the researcher to specify ex ante
the possible sources of bias. In this illustration, we remain agnostic about the signs and
relative directions of external-validity bias in the three PROGRESA-based estimates, while
assuming that the two Kenyan estimates correctly identify yy, and {. This is a restriction
researchers can motivate in a pre-analysis plan; when researchers are skeptical about this
assumption, they can similarly allow biases in these two parameters as part of our framework.

We implement these restrictions using the misspecification shape

bEB(B):BC, C:{C€R5Z||C1;3Hw§1, C4:C5:0}, BZO

Here, B governs the unknown magnitude of the external-validity bias. The bound remains
unknown (knowledge of B < B for some known B can be incorporated, see Section .

6.3 Step 3: candidate experiments and experimental variances

In this example, we consider a researcher who can afford only small, partial-equilibrium

experiments in Kenya, and examine three stylized experiments or combinations thereof:

e j = {1}: Unconditional transfer (income shock). The researcher randomizes a small
weekly income shock of size A to a small fraction of households (implying no general-
equilibrium effects). Under a first-order (Taylor) approximation, the experiment identi-

fies the average marginal effect of income on school attendance, #; = E [a% Pr(S =1|Y,W, t) ‘ t:O} :

e j = {2}: Conditional cash transfer (stipend). The researcher randomizes a small weekly
stipend t of size Ay, conditional on attending school, to a small fraction of households
(with prices held fixed). Under a first-order approximation, this identifies the average
marginal effect of the stipend on school attendance, 8 = E [% Pr(S =1|Y,W, t) |t:0] .
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e 7 = {3}: Randomized outside-option earnings (wage shock). The researcher offers
J g g
teenagers otherwise identical full-time jobs and randomly varies weekly compensation

around a baseline wage by a small Aj. Holding everything else constant, a small ran-
domized earnings differential identifies 5 = E [ ;2 Pr(S =1]Y, W, t)|t:0] = —¢0§3.

We consider a scenario where the researcher may either run a cash-transfer program
(unconditional, conditional, or both) and optimally allocate the sample size between the
two experiments, or run a wage experiment only. This implies that the set of feasible
experiments is {{1}, {2}, {1, 2}, {3} }, with {1, 2} also corresponding to the optimal allocation
of sample size between the two cash-transfer experiments. The job program requires different
implementation infrastructure than a cash-transfer program, motivating this choice.

For each experiment, suppose the researcher constructs a difference-in-means estimate

S. <
S;zxp _ ],treatedA' j,control’ ] c {1, 2, 3}’
J

where S denotes school attendance in the treated or control group. To calibrate experimen-
tal precision, we use the baseline school-attendance rate in the target Kenyan population.
Because school attendance is binary, we set the individual-level outcome variance equal to
0% = So(1 — Sp) = 0.1058, and assume homoskedasticity across the treatment and control
arms (a common restriction at the stage of experimental design but not required to conduct

ex-post inference; see (Gerber and Green| 2012)). For two treatment arms j and j' using

1
— 0
. ex njA2 . ..
independent samples, ¥ {jpj'.,} = 40% J 1 , N + Ny = Ny For simplicity, we
9. 0 -
nj/Ag,

use a common monetary perturbation equal to 20 percent of baseline weekly child earn-
ings, A; = 0.20WW, = 5.16 real 2015 PPP U.S. dollars per week, which matches the minimum
transfer under Progresa (~ 5 PPP dollars/week). Under this calibration, Var (S;?Xp) = 00159

nj
Remark 8 (Shared control group). In some applications, the control group may be shared

between treated arms. This case corresponds to the same solution in Section [3.4] where we

reparametrize 6 to incorporate the mean of each treatment arm. O

6.4 Step 4: experimental design

The final step is to select the experiment, allocate the available sample, and, when applica-

ble, choose how to combine the resulting experimental estimate with the external evidence.

"Tn particular, if otherwise identical jobs offer weekly compensation W — Az/2 and W + A3z/2, then
E[Si| W =W + A3 /2] —E[Si| W™ =W —A3/2] _ 0+ O(A2)

e . Employment programs are often feasible experiments;
see, for instance, (Goldberg| (2016); [Le Barbanchon et al.| (2023)).
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We compare the design implied by our linear-regret criterion with two variance-based bench-
marks. The first benchmark jointly chooses the design and the linear estimator to minimize
variance, thereby allowing variance-optimal weights on the experimental and external esti-
mates. The second is a classical Neyman design that places weight one on each collected
experimental estimate and optimally allocates the sample across the selected experiments.

Figure [5| reports the resulting estimators and designs across total sample sizes. The left
panel reports the weight placed on the experimental estimate by the linear-regret rule in
Theorem [I] The right panel reports the corresponding experimental allocation, together
with the allocations selected by the two Neyman benchmarks. As an additional comparison,
we report the design selected under the Bayesian-audience regret criterion in Proposition [I}
This formulation does not require the researcher to commit ex ante to a particular estimator
because the audience optimally updates its prior after observing the evidence. The vertical
dotted line in the sample-size panels marks n = 3,700, approximately the average sample
size among the meta-analysis of J-PAL funded experimental studies in [Viviano et al.| (2026]).
The Bayesian solution is computed using a grid of B between zero and 0.03, corresponding
to approximately three times the standard error under the benchmark sample size.

Both the linear-regret criterion and the Bayesian-audience criterion select a combination
of the two cash-transfer programs, with the Bayesian criterion placing approximately 50%
sample size between the two and the linear regret rule placing between 52 to 65% for the
unconditional cash transfer and the remaining to the conditional one. The linear-regret
estimator places approximately 85% of its weight on the conditional transfer experimental
estimate and between about 40 to 80% to the unconditional transfer experimental estimate,
increasing in the experimental sample size. Thus, even around the sample size of a typical
study, the optimal rule continues to place a small but meaningful weight on the external
estimate. In contrast, both Neyman designs allocate the sample entirely to the job program.

Figure [6]illustrates the consequences of these choices. The left panels report overall regret
and its bias and variance components, with the dotted line again identifying n = 3,700. As
expected, the Neyman rule attains variance regret equal to one (and the classical Neyman
rule without optimizing the weights close to one). Their variance advantage, however, is
accompanied by much greater exposure to misspecification. At the empirically calibrated
sample size, the classical Neyman design has bias and overall regret of approximately 13,
while the Neyman design with variance-optimal weights has regret above 11.

By comparison, the linear-regret solution is interior and equalizes its bias and variance
regret. It therefore accepts a modest increase in variance relative to the variance-minimizing
designs in exchange for a substantial reduction in sensitivity to misspecification. Its overall

regret decreases from approximately 6 at n = 500 to approximately 3 at n = 3,700, and
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decreases further as the sample size increases.

The right panel evaluates the same designs under the Bayesian-audience criterion point-
wise as a function of B, at n = 3,700, allowing the audience to use an unrestricted posterior
estimator rather than the linear estimator used to construct our design. When B is close to
zero, the classical Neyman design has regret equal to one, the Neyman design with variance-
optimal weights has regret of approximately one, and the design selected by the linear-regret
criterion has regret of approximately 1.2. This is the cost of robustness when the external
estimates are actually unbiased. The ranking reverses rapidly as the scope for misspecifi-
cation increases. Once B exceeds approximately 0.003, the regret of both Neyman designs
rises sharply, whereas the Bayesian-audience regret of the linear-regret design is close to one
and remains there. At B = 0.01, regret is approximately 7 for both Neyman allocations.
Thus, at a sample size representative of the J-PAL experiments, the design selected under

Theorem (1] remains close to optimal for a Bayesian audience.

Regret optimal rule: Weights on experimental effect Sample allocation

Linear regret rule

1.00 100%
ek drk Aok deh A kA A e Ak Ak Ak Ak Aok Aok Ak Aok Ak Aok ek dek Aok ed bk
0%

0.75 Bayesian audience

0% I

Neyman with variance—optimal weights

0.25 0%

Classical Neyman

100%
50%
0.00
0%
500 2500 5000

500 2500 5000
Total sample size Total sample size

a
=]
X

0.50

Sample share

a
=]
S

®  Unconditional transfer ®  Conditional transfer ®  Job program

Figure 5: Experimental weights and sample allocation across designs. The left panel reports the regret-
optimal linear rule’s weight on the experimental estimate for each feasible experiment as total sample size
varies. The right panel reports the corresponding sample allocation shares for the regret-optimal linear
rule, the Bayesian audience design, the Neyman allocation with variance-optimal weights, and the classical
Neyman allocation.

7 Implications for practice

This paper studies experimental design in the presence of informative but potentially biased
external evidence. The central practical difficulty is that the magnitude of the bias is gener-
ally unknown when the experiment is designed. We address this problem using proportional

regret: a candidate design is compared with an oracle design tailored to the unknown magni-
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Overall regret Bayesian audience regret as a function of the bias B

10

AAAAAAAAAAAAAAAA

500 2500 5000

Bias regret Variance regret
17 ay, 17

Bayesian audience regret

500 2500 5000 500 2500 5000 0.00 0.01 0.02 0.03
Total sample size Total sample size B

4 Neyman with variance-optimal weights

Figure 6: Regret decomposition and Bayesian audience regret. The left panel reports the overall worst-case
regret and its bias and variance components across total sample sizes for the regret-optimal linear rule, the
Neyman allocation with variance-optimal weights, and classical Neyman allocation. The right panel reports
the Bayesian audience regret at each value of the bias bound B for n = 3700 corresponding to the average
sample size of J-PAL experiments in the meta-analysis of |Viviano et al.[ (2026)), using the finite B-grid.

tude of misspecification. This produces a transparent trade-off between variance regret and
bias regret, which we study in our leading application for common (asymptotically) linear
estimators, as for GMM or minimum distance estimators, and under a Bayesian audience

formulation. The practical workflow proceeds as follows:

e Define the estimand(s) of interest. Specify 7(0) for a known mapping 7 and un-
known parameters § € RP. For example, 7(f) may represent a counterfactual, a general-
equilibrium effect, or an average impact across locations. Adopt a parametrization in
which some (but not necessarily all) components of § can be learned experimentally

through e.g., moment restrictions; this clarifies what the experiment can identify.

e Assemble informative observational evidence. Collect observational estimates
and their covariance ¥°". These serve as informative (but potentially locally biased)
baselines. Such evidence may come from observational designs, structural estimates

with pre-experimental data, or prior experiments conducted in different contexts.

e Compute the sensitivity parameters. Using the observational baseline, compute
oT(0)

the sensitivity weights w = =5~ evaluated at the observational estimates, which

quantify how bias in each coordinate of 6 propagates to 7(#) (through first order local

asymptotics in Section [5.4). In the presence of models implying non-linear smooth

moments, evaluate their Jacobian A at these same preliminary estimates.

e Describe the plausible sources of misspecification. A feature of the framework

is that it requires researchers to ex-ante describe which external estimates may be bi-
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ased. For example, B, (B) = {b € R : |by| < Bk, ¢ =1,...,p,} allows the researcher
to encode greater concern about some components than others. Setting x, = 0 treats
the corresponding estimate as correctly specified, while positive values permit mis-
specification of unknown magnitude B. The overall normalization of x is irrelevant for
proportional regret, and a natural choice is kK, = 1 for all potentially biased estimates.

The chosen set may also include sign restrictions on the bias if known to researchers.

e Specify feasibility constraints and calibrate experimental variance. Enumer-
ate the admissible design set, and the budget on sample size allocation. Calibrate
per-unit experimental variances using pilot studies or historical data to form the set
of feasible designs D; their estimation error or misspecification is typically of second
order relative to the observational bias, as formalized in Section [5.4.1]

e Solve for the optimal design. Optimize over the design (and estimator within the
class of asymptotically linear estimators). Standard constraints for both the design
and estimator can be incorporated in the optimization program. The output is a

pre-analysis plan with the selected arm(s) and sample sizes (and estimator).

The applicability of the framework spans a wide range of settings. Examples include
estimating general-equilibrium effects or structural models (Attanasio et al., 2012; |de Albu-
querque et al., 2025; |[Kreindler et al., [2023; Meghir et al., [2022; Todd and Wolpin, 2006]);
choosing among alternative treatment arms in factorial designs (Bandiera et al., 2025; Mu-
ralidharan et al., [2020)); and deciding where to run the next experiment to improve external
validity (Gechter et all 2024; |Olea et al. 2024). In industrial organization, applications
include choosing between demand- and supply-side interventions (Bergquist and Dinerstein),
2020)), studying information acquisition in markets (Allende et al., 2019; |Larroucau et al.
2024), and deciding which additional data source to acquire (Allcott et al., 2025).

Several questions remain for future research. The audience analysis could be extended to
richer priors, and the study of computations for arbitrary non-linear estimators remain an
open question. Other extensions include sequential or adaptive experimental decisions (e.g.,
Cesa-Bianchi et al., 2025)), settings in which experimental precision is itself learned during

the study, and environments in which the feasible models are selected sequentially.
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A Proofs of main results

A.1 Proof of Theorems [1], 3, and

Theorem [1| is the special case of Theorem (3| in which the estimand is scalar, Q = w'. We
therefore first prove Theorem [3] Along the way, we also show how Theorem [ follows directly.
Step 1 (worst-case MSE). It follows that we can write

~

“ww*”“”zgu”“($ﬂ—E@mD+ﬂmww(i)’

and

2
bH .

2
MSE,(€, %, W) = Trace (QT(W)STe(W)T07) + H[QI‘g(W)].J:pObHZ — A&, W) + H[QI‘g(W)] it

- 1:Po

Therefore, by defining for a matrix A, ||A||?2 = sup,ec ||Aull3,

" BBE W),

*

s lore(9) 1, o], = B ferew)

L1t L1t
beB(B Po Po

Hence, supyep,(p) MSE, (€, X, W) = (&, 8, W) + B*B(E,W).
Note that o* is bounded away from zero by Assumption [2] and Assumption [3]

Step 2 (oracle envelope and basic properties). For t > 0, define

o(t) = (5}g)fep {a(&, 2, W) +tB(E, W)}
WeW(E,X)

Under Assumption 2 §(¢) is finite and strictly positive for ¢ > 0. Because it is the pointwise

infimum of affine and nondecreasing functions of ¢, ¢ is concave and nondecreasing for ¢ > 0.

Moreover, it is easy to show that 6(0) = o*, and lim;_,, @ = ﬁ*.

Step 3 (quasi-convezity and boundary maximization). Fix a feasible (£, %, W), and define

4(6) = a(g,z,wé)é: BEW)

The numerator is a nonnegative affine function of ¢, while the denominator is positive by

Assumption [2| (since the variance is bounded away from zero) and concave. Hence ¢ is

18Note that §(t)/t > 8* and 6(t)/t < a(E*,T*, W*)/t + B* where (£*,X*, W*) are the any minimizers of
B(E, W), with « uniformly bounded by Assumption
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quasi-convex for t > 0. In particular, for every T' < oo,

sup ¢(t) = max{(0), o(T)},
t€[0,T]
proving the claim for Theorem [

Letting T" — oo and using the limits in Step 2, by quasi-convexity for any g* > 0,

B o a+tf a B
et =gty i 5 = )

It remains to consider the boundary case g* = 0. If G(E,W) > 0, Step 2 implies
limy o ¢(t) = 400, which agrees with S(E, W)/p* = +oo. If instead B(E, W) = 0, then
o(t) = a(gé(%;W). Because 0(t) is nondecreasing, sup,s,¢(t) = ¢(0) = a(gf*’w). Under the
convention 0/0 = 1, this again equals

max { a(g’jf W> ) ﬁ(ég*W) } )

since a(&€, X, W) /a* > 1.

This proves Theorem [3] and Theorem [I] as a special case.
A.2 Proof of Proposition
Step 1 (upper bound for arbitrary priors). Fix w € Ilg, and let K € K be such that
E.[b]0] = p, E.[(b—p)(b—p)" | 0] = B’K m-almost surely.

For any a satisfying Ala = w, define

7
d,u = < ) s 5a,p(y> :WO+CLT(y_du>‘
Oje|

Because 77,(0) = wp +w ' and Ala = w,

(Sa”u(Sg’g) — TL(H) = alpo(b — M) -+ CLTE,
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where under Setting 2} Ele | b,6] = 0 and V(e | b,6) = X. Therefore,

E, {(5%“(55,2) —r(0))

9} =a'Sa+aj, B [(b—p)(b—p)' | 0] aryp,
<a'Ya+ B2alpoKa1:po.

Since the posterior mean minimizes expected squared-error loss,

. 2
Ly(€,3) = inf B, {(5(5572) - TL(e)) } .
Taking expectations over #, followed by the supremum over 7 € I, gives

Lp(&,%) < a'Ya+ B?sup alpoKalzpo =a'Ya+ B2||a1;pDH§.

Kek
Since this holds for every feasible a,
Lp(€,2) < min {a'Sa+ B?|awy, [} (30)
a: Ag a=w

We next want to show that there exists one prior so that the upper bound is achieved.

To show that the bound is sharp, consider the proper diffuse Gaussian prior

0~ Qr, Qr = N(0,T°L,).

B*K 0
For the remainder of the proof, fix K € K and let Vp x = X + ( 0 0 ) . Let
1<
Q denote the class of proper priors on ¢. For any ) € Q, define 7, p x as the joint prior

under which 6 ~ Q and, conditional on 6, b ~ N (u, B?K). Under Setting [2| integrating out
b implies
Ses | 0~ N(Aeb+d,, Vai).

Under @7, the posterior covariance of € is

(&,%) =w [T720, + AV kAe] o

TQp,u,B,K

Q - _ -1
VWQT,M,B,K (9 | S&E) - |:T ZIp +A:€~FVB}{A5:| = L

Taking T" — oo proves that the upper bound is achievable and therefore

sup L X)) =w' (A;—vB_}{Ag)_l w. (31)

QReQ

TQ,u,B,K
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Step 2 (variational representation). For any positive-definite matrix V',

_ -1 :
w' (AgV '"Ag) w= min a'Va.
a:Aga:w

To verify the equality, the first-order conditions of the constrained quadratic problem give
a=V""As (A VAe)  w,

and substitution yields the stated value.
Applying this identity with V' = Vp g to Equation implies (for § ~ @) unrestricted)

(£,%)= min {a'Sa+ B, Kayy,} .

TQ,u,B,K
a:Aga:w

sup L
Q

Step 3 (worst case over the prior covariance direction). Because the profiled posterior

risk does not depend on p,

Lp(£,%X) = sup min {aTEa + BQaIpoKalzpo} :

KeKa:A;a:w

The set K is compact and convex. The constraint set {a tAa= w} is nonempty and convex
because Ag has full column rank. The objective is continuous and convex in a, affine in K,
and coercive in a because ¥ is strictly positive definite. Therefore, the minimum over a is

attained and the minimax theorem gives

Lp(€,¥) = min sup {aTEa + BQGIPOKCLLPO} = min {aTZa + B% sup aIpoKalzpo} )

a:A;a:wl(eK a:Aga:w Kek

By the definition K = co {uu’ :u € C},
2
SUp Ay, Kary, = sup (af,u)” = [|aiy, |7,
ueC

KeKk

under the definition of ||- ||, in Definition [3] The result follows directly from Definition[d] [

A.3 Proof of Corollary

Fix a feasible design (£,¥) € D. For any a satisfying Ala = w,

min {&TZEL + B2Hd1:pon} < a'Ya+ B?|layy, |?.

= AT =
a: Aga=w
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Moreover, by the definitions of a* and *, every feasible (£’,Y') € D and every a’ satisfying
Ald = w obey
T * *
()8 >0t o, |22 6

It follows that, for every B > 0,

o B TS P 2o 5
’ T e

Consequently, from Proposition , for any a:a'Ae = w,

a'Ya+ B?|ay.,,||?
RBayes EN < Po |l %
(€, )_ng o 1 B2

Using quasi-convexity of the right-hand side, following verbatim the proof of Theorem [1} it
follows that (with the convention that 0/0 = 1)

T 2
. a'Ya | ai.
RBayes(g’ Z) < max{ : H 1-Po”* } ‘
a* 5*
Because the preceding inequality holds for every a satisfying Al a = w, taking the minimum
over such weights gives RP¥*(E,¥) < ming, 57,-, max {%, ”alﬁ,%”?} , which proves the
corollary.

A.4 Proof of Proposition

We first prove the upper bound. We follow similar steps as for the proof of Proposition [I}
Fix a feasible design (£,%) € D.
Step 1 (risk of a fized linear rule). Fix a satisfying Ala = w, and consider the linear

reporting rule

5(1(5572) = wp + CLTS'g,E.

Because 77,() = wp +w ' and Ala = w,

(5(1(55,2) — TL(9> = CLT <Sg’2 — Ag@) .

Under Equation , for any 7 € [l with =0,

. 2
E. {(5(1(55,2) - TL(9)> ‘ 9] =a'Sa+aj, E[bb" | Olar,, <a'Sa+ B%IPOK@LPO
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for some K € K. Taking expectations over #, followed by the supremum over 7 € [, gives

_ 2
sup B, |(3u(5es) = 7u(0)) | < TS0+ B 2

wellp

Because the infimum in Definition [0]is taken over all measurable estimators, it is no larger

than the value obtained from the particular rule 4.

Step 2 (lower bound on the oracle risk). For any feasible oracle design (£’,Y), restrict

the supremum over Ilg to the centered Gaussian priors
b0~ N(0,B°K), Kek,

with unrestricted proper marginal priors over #. These priors belong to the class in Equation

(20). The minimax inequality and Steps 1-3 in the proof of Proposition [1| therefore imply

~ 2
inf sup Ep {(6’(55/,20 —n(@)) } > min {(a)"8'd + By, [IF} .

o’ el a: Ag,a’:w

Taking the infimum over feasible oracle designs yields

~ 2
: f ]EW/ (5/ S Lor) — 9 > > : f : / Tzl / B2 /. 2 > oF 32 *‘
(& 3D, :21'11)3 [ (o) =7l0)) | 2 (& 3)eD o Amﬁful':w {(") 2 + Blal,, 1} = o* + B*S

Step 3 (linear-regret bound). The conclusion for the upper bound follows from the same

quasi-convexity argument in the proof of Corollary [T}

Step 4 (lower bound). We conclude the proof with the statement about the lower bound.
Combining the upper bound in Step 1, after minimizing over a, with the fixed-design lower

bound in Step 2 gives, for every B > 0,

~ 2
inf sup E, {((5(3&2) — TL(9)> } = min {aTZa+ BZHaLPOHz}.

wellg a: Ag a=w

Taking the infimum over feasible designs therefore yields

~ 2
inf ~sup En {(5/(55/,2') —TL(9)> ] = min _ min  {(d) T + Blay,, |7} -

(5’72/)€’D76’ w'e€llp (gl,E,)ED a: A;‘r’a/:w
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It follows from the minimax inequality that

~ 2
sup EF |:<(5(Sg,2) — TL(9>> :|
R*(£,%) = inf sup rells

- 2
P B0 g sup E. [(5’(551,2/) —TL(9)> }

(5/7ZI)GD76, ﬂ'lEHB

inf sup E, [(5(&72) - TL(Q))Q}

6 wellp

> sup 3
B20inf sup E. [((5’(5*5/72/) — TL<9>> ]

(‘c"lvzl)epvél W’EHB
min {CLTZG + Bzualzpol‘z}

AT,
a: Aga=w

= Su
pro min_ min  {(d) Xd + B|dl, |7}

(&,Z)€ED o' A;,a’:w

— RBayes((c/-’ Z),

where the last equality follows from Proposition [} This proves the lower bound.

A.5 Proof of Theorem 2

Step 1 (closed form of the worst-case confidence interval). Fix a feasible design (£,%) € D,
W e W(E,X), and B > 0. For a given bias vector b € B(B), the lower and upper confidence

bounds are

0(E,5, W) = (0w — [w Te(W)] L b= 2V a5 W),
up(€, 5, W) = 7(0w) — [w Te(W)], b+ 21 y/a(€, 5, W).

By the definition of || - ||? in Definition |3| and the fact that C is symmetric in Setting

sup [T, b= B |lwTrew)]

= B\/B(E,W).

Lipo || 4

Because B(B) is symmetric around zero, infycp(p) [wTFg(W)]lzp b= —ByB(E,W). It fol-

lows that the worst-case confidence interval is

I5(E, 2, W) = [TL(éW) — 212 VUE, =, W) = By/BE, W), 716w + 21— j2/a(€, 5, W) + B\/BIE, W)} .
Therefore, its length is L5(E, 5, W) = 2z1_, 0/ a(E,E, W) +2B/B(E,W).

Step 2 (oracle envelope and basic properties). For t > 0, define

6(t) = inf {Qzl_n/gx/oz(g’,E’,W/)+2t\/ﬁ(5’,W’)}.
(£,2)eD
W'ew(E' 2"
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Under the maintained assumptions, §(t) is finite and strictly positive. Being the pointwise

infimum of affine and nondecreasing functions of ¢, ¢ is concave and nondecreasing on [0, 00).

Moreover, 6(0) = 221_, /v %, limy_,o @ = 2/*.

Step 3 (quasi-convexity and boundary mazximization). Fix a feasible (€,%, W), and for

t > 0 define
¢(t> o 221—7]/2 V Oé(g, Z? W) + 2t V 5(57 W)
B o(t) ‘

The numerator is affine in ¢, while the denominator is positive and concave. Hence, ¢ is

quasi-convex on t > 0. Therefore, by Step 1, it is easy to show that, under the convention

0/0 =1,
I _ 04(8727[[) B(Ea”)
RC(E,E,W)—maX{\/ — A B }

Since RE(E, X, W) = /RMSE(£, 5 W) and the square-root is a monotonic transformation

and does not change the minimizer, the proof completes.

B Two parameters Example

By Theorem , for fixed (&, ) the proportional regret as a function of the shrinkage vector
equals max{oz(é', S, W) ax, B(E, W)/B*}, with o, f* constants.

Step 1. With independence and two parameters,
a(€,2,W) = C +wi((1 = W))%? + Wia?),

where C' does not depend on W;. Hence a(j, W;) = «(&, X, W) is a strictly convex quadratic

in W; with unique minimizer at

2, 2"
/ o; + 5
Moreover, a(j, W;) is strictly increasing on (I/V}’ar, 1} and strictly decreasing on [O, ijar)_
Write the worst—case bias component holding the other coordinate fixed as
. 2
BGW;) = (Aj + \%"Wj) :
where A; > 0 collects all terms not involving W; (including the contribution from the other

coordinate). Thus, 5(j, W;) is strictly increasing in W, and convex with minimum at W, = 0.
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Therefore, any minimizer satisfies
*
W; e [o, Wy

Step 2. On (O,W]Var) the map W; — a(j, W;)/a* is strictly decreasing, while W, +—
B(j3,W;)/p* is strictly increasing. Hence the function

FW;) = max{a(, W) /a*, BG,W;)/8°}, Wi € [o, W],

is minimized either (i) at a boundary point, or (ii) at the unique interior point where the two

arguments are equal (by strict monotonicity, at most one intersection exists). Therefore,

o If a(j,W))/ar < B(j,W;)/B* for all W; € (0,W}™), then f(W;) = B(j,W;)/B* on
that interval. Since this term is strictly increasing, the minimizer is the left boundary
Wr=0.

J

o If a(j, W;)/a* > B(j,W;)/B* for all W; € (0,W™), then f(W;) = a(j,W;)/a* on
that interval. Since this term is strictly decreasing there, the minimizer is the right
boundary W = W* = v} /(a7 + v7).

e Otherwise, by the intermediate value theorem and strict monotonicity of the two curves,
there exists a unique W; € (O, ijar) such that 20V — B0Wy)

a* ﬁ*

C Optimization under general reporting rules

In this section we present optimization routines for the audience regret and the adaptive
regret studied in Section [l The first is computationally tractable, while the second case,

although can be reduced to a finite dimensional optimization program, can be challenging.

C.1 Optimization of audience regret in Section 4.1

We now optimize the audience regret in Definition [4] under the class of priors in Proposition
[[ We maintain the same independence structure and notation as in Section [3.4F obser-
vational estimates are independent of the experimental estimates, but may be correlated
with each other; experimental estimates are mutually independent. We also maintain the
weighted misspecification shape introduced in Section [3.4l In particular, for fixed weights
k= (Ki,...,kp,)" €RE the corresponding dual-norm penalty is ( e Kg|a2bs|)2 . Allowing

k¢ = 0 imposes no prior uncertainty about the bias in component £.
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Grid over prior scales and decision variables. Under the audience-regret objective,
the solution depends on the prior scale B. To simplify optimization, we consider a finite grid

of scales
G={B,...,Bg},

with B, > 0, taking B sufficiently large that adding larger finite grid points does not affect
the solution. As in Section [3.4] let

z; =1{j € £} € {0, 1}, reX, E(x)={j:z; =1}

For a given design z, let n; denote the sample size allocated to experimental estimate j €
&(x), and let ¢; > 0 denote its per-unit cost. The budget constraint is } ;¢ () ¢;n; = n. We
take Y.ps to be the covariance matrix of the observational estimates, and v]2- /nj to be the
variance of experimental estimate j.

For fixed x, sample sizes (n;);es(x), and prior scale By, define the profiled posterior risk

2
ex /UZ >
Py(Bgn) = min < (a) Sepea™ + > (a P)?n—{+B§ (Z@|a;ab8|> . (32)

. T —
a: A€<I)a—w jeE@) j —

The researcher chooses only the experiment set and the sample sizes before knowing B.

Oracle values at each grid point. We first compute the oracle value separately for each

prior scale B,. For fixed By, fixed x, and fixed a, the optimal sample allocation is

*
J

€XP |, . -
9,710/ /% , je&x). (33)
Z |y lo/cr

ke&(x)

ni(a,x) =n

Substituting this allocation gives the fixed-B,, fixed-z objective

2 2
D : 1 ex S obs
P.(B,) = min (a°P%) TS gpsa®™ + - Z a5 v\ /G5 | + B (Z Kolag® |>
=1

. T —
a: Ag(x)a—w

je&(z)
(34)
The oracle posterior risk at grid point B, is
P*(B,) = mii} P.(B,). (35)
BAS
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For fixed x, the problem in Equation is convex. If X is finite, one can solve it for
each feasible x and take the minimum. If X has a mixed-integer representation, the same
problem can be written as a mixed-integer convex conic program. We also compute 8 =

Min,cy AT ( yal /ig|a0bs|) which we assume to be strictly positive as in our leading

@)
applications. ThlS is the same weighted bias benchmark as in Section [3.4]

Audience regret solution on the grid. The profiled posterior-regret criterion on the grid

is R(x,n) = supgeg P;*B . After computing P*(B,) for each grid point using Equation (35)),

min r
Iv(nj ) 77'7{0‘!7 729 }gG:1 300,200

s.t. A;(l,)ag =w, g=1,...,G,

(aObs) ob saObb + Z eXp 2 J + B2 <Z nggg> < rP*(By), g=1,...

je&(x)
obs obs
Zg,ﬁzagj’ Zg,fz_ag,éa ézla"wpoa gzla"'aGa

A;(.’E) oo — W,

Po 2
Z K/ZZOO,e S T/B,:7
/=1

b b
Zoo > agosz, Zoo > —agoff, £=1,...,p0,
Z cjng =mn, n; >0, jeé&(x),
je&(x
T E X, r > 0.

The auxiliary variables z, represent the absolute values of the observational weights. At an

obs | hecause larger values only tighten the corresponding

optimum, zg, = [a%%, 2o = [a2
constraints. The variables a., 2o, impose the large-B limit of the regret criterion using the
weighted bias benchmark 3.

The closed-form allocation in Equation is used to compute the oracle values P*(B,)
grid point by grid point.

For fixed z, the finite-grid problem is convex. The terms (ag)?/n; are convex quadratic-
over-linear terms and can be represented by rotated second—order cone constraints. The
weighted absolute-value terms remain convex because k, > 0. With binary design choices,

the problem becomes a mixed-integer convex conic program.

Comparison with optimization in Section From a computational perspective,
optimization is more complex than in Section [3.4] because the posterior weights must be

profiled separately for every value of B in the grid. This is what distinguishes the exact
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audience-regret problem from the surrogate criterion that fixes a single vector a for all B.
Similarly, the optimal sample allocation does not necessarily coincide with the variance-
optimal allocation for a fixed experiment choice x, because the relevant posterior weights a,

vary with B,.

C.2 An example of non-linear estimators in Section

This section provides a finite-dimensional approximation to the adaptive regret problem in
Definition [6] with an example under a class of Gaussian prior, to provide intuition behind
the adaptive solution. Extensions based on least-favorable distributions over richer prior
classes are conceptually possible, as in (Chamberlain| (2000), but are computationally more

demanding. Consider a finite grid of prior scales
Bo={Bi,...,Bg}.
For each B, approximate Il by the finite set
Tg.hs h=1,..., H,

where

0 ~ N(0,T%L,), b0~ N(pgn BiKgn), K, € Ke.

Here g indexes the prior scale B,, while /i indexes the possible prior means and covariance
directions within the class IIp, .

For a design (£, ), after integrating out the observational bias,

Sex |0 ~ N (Al +dyp, Syn),

B’K, 0
dgh = (lé;,,h) ; Ygn=X+ < g ok ) :
€] 0 0

Under prior 7, the posterior covariance of 6 is

where

_ _ -1
Vo = (T2L 4+ AfS 3 Ae)

and the posterior mean of the linearized target is

Mg n(y) = wo + wTVg,hA;Z;;ll(y —dgp).
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The corresponding posterior variance is
Lon(E,8) =w'V,pw.
Let ¢ denote the Gaussian PDF and define

pg:i?(y) = ¢ <y7 dg,lu Eg,h + TQAgAg) .

For a measurable estimator ¢, define

Myu(€,5,6) =, , {(5(5&2) _ TL(e))Q} |

The posterior-risk decomposition implies
2 %
gh g E (5 /{ mgh )) +Lg,h(ga2)}pg,h (y) dy

Step 1: the adaptive oracle at a known scale. At scale B,, the oracle knows ¢, but
does not know which prior 7, in the class is correct. It may choose both the design and

one estimator that performs uniformly over h. Its value is

ad,x — 1 AV}
Vi (g/lél/fep 1g1lf hglaXHM w(ELX 0. (36)

For a fixed design (£',%'), let ¢ = (q1,...,qu) € Ay, where Ay denotes the H-dimensional

probability simplex. Under standard minimax regularity conditions,

/ / ! ! / !
1?/fh£n?i(HM W& X0 —;gixmquh an(E,2 ).

For fixed ¢, the minimizing estimator is

2 : £, E’ &gy

th mg,h (y)

£y _

5g,q (y) - . (37>

Z arsy
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Therefore, the adaptive oracle value can be written as

Vgad’* inf maXth (5’ 568 /) : (38)

5/ E’)E'DQEAH 7709,9

Thus, computing the denominator requires solving a scale-specific minimax estimation and

design problem for each g.

Step 2: adaptation across unknown scales. Define the finite-grid adaptive regret of a

fixed design by

Myn(E,%,0
R&NE,¥) = inf max % (39)
5 g=1,...,.G, Vil
h=1,...,.H 9

The researcher must use one estimator ¢ for all g and h, whereas the oracle denominator
may use a different design and estimator for each known scale B,.
Let
A=Ngrig=1,....G, h=1,...,H) € Agn.

Using

max T,, = max Ao hZToh
e AeAGHE:E g,hTg,h>

g=1 h=1

and applying the minimax theorem, we obtain

RE(E,¥) = max 1anZ)\gh ghEZ(F).

AEAGH 71 h - Vad*
For fixed A, define
-1 &%
aon (VEY) 000 ()

G H 1 :
DD e <V§d’*> Py (W)

g'=1h'=1

wg,h (ya )‘7 57 Z) =

The estimator minimizing the A\-weighted average of normalized risks is

S5 W) =D wen (i X E.8) mi i (y): (41)

g=1 h=1

The weights depend on the realized report y. The estimator therefore adapts to the prior

scale, mean, and covariance direction that are most consistent with the observed evidence.
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Substituting the optimal rule into the objective gives

. G B My (3007
RE(E.T) = max > > Ay e . (42)
g

Hence, for a fixed design, the adaptive regret can be computed by optimizing over the least-
favorable mixture weights \.
Once we optimize over the design, estimation therefore requires a sequence of nested

optimization problems and may be computationally demanding for a large design space.

D Review of proportional regret with fixed design

This section reviews the definition of proportional regret with a fixed design in |Armstrong

et al. (2024) and Tsybakov (1998) and illustrates distinctions from our framework.

Single parameter with a fixed design Different from this paper, |Armstrong et al.
(2024)) focus on a single parameter with two estimators under a fixed design where one of
the two estimators is unbiased for the target estimand. In our notation, this corresponds to
fixing a design (£,% with & = {1}, so there is an observational estimate S°** € R and an

experimental estimate S®P € R satisfying
E[S] = 6, +b,  E[S®P] =0,, AS =5 _ g

for an unknown scalar bias b € R. Without loss, standardize each estimator as well as the
estimand 6; by the standard deviation of the difference AS. With this normalization, the

authors further assume

Sexj) ~ N 81 ) E 9 2 — O-gxp p Uexp 9
AS b P Oexp 1

where agxp is the variance of S*P, and p is the correlation between the experimental estimate

and AS. The question of interest in Armstrong et al. (2024) is how to optimally combine

SeP and AS in a single estimator.
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Non linear estimator and corresponding proportional regret Using invariance ar-

guments, Armstrong et al. (2024)) study estimators of the form
75 = SO 4 p oo, {0(AS) — ASY,

for some measurable function 6 : R — R to be optimized. The authors show that for this

choice, the proportional regret worst case for |b| < B, can be written as

AB.8) = S R(B) = o [(1= )+ o ()]

where rgxM(+) denotes the B-minimax risk in the bounded normal-mean problem.

Properties of the objective function and solution Because of the non-linearity of
the estimator (and of the rgyxy function) A(B, ) is not quasi-convex in B? for the chosen
non-linear shrinkage rule. The optimal solution is obtained by solving a minimax problem
by using a discrete approximation over the least-favorable prior over B (Chamberlain, [2000)).

This differs from our framework where quasi-convexity arises as we restrict the class of
estimators to be linear. A formal argument is provided in the proof of Theorem [I} Such
quasi-convexity simplifies estimation here, since the choice is not only for the estimator, but

also for the class of designs and sample size allocations.

E Additional figures and tables
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Figure 7: Share of experimental papers published in AEA journals also presenting experimental results in
combination with observational estimates (either from a reduced form, or from a structural model or from

both).
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