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The online Appendix contains additional extensions (Appendix B), a numerical study
(Appendix C), and derivations (Appendices D). Appendix A at the end of the main text

contains a complete description of the algorithms.

Appendix B Additional extensions

B.1 Constraints on II,, that depend on D

Following Remark 3, in this subsection, I discuss a policy-function class

I, = {7? X % {0,1) s {0, 1}, 7 (z,d) = 7(2)(1 — d) + d, 7 € H}, (B.1)

for IT with finite VC dimension. Here 7(D;, X;) is one almost surely if the treatment in the

experiment is one (D; = 1). I define e, m® as in Equation (9), here functions of 7.!

Proposition B.1. Let Assumptions 2.1, 2.2, 2.3, 2.5, and 3.1 hold. Consider a policy class

7(Xi, Dy), 7 € 10,,, with Thee € argmax. g W, (7, me e). For a universal constant C' < oo,

N2 \/1og</vn>vc<n>
: |

YOn Ne

T
E[ sup Wa,z(m) — Wa z(Tpe ) sz} <C

TI'Eﬁn

See Appendix D.4.2 for the proof. Proposition B.1 extends our results for policies con-

strained to always assign treatments to the treated individuals in the experiment.

B.2 Estimation error of nuisance functions with Algorithm 2

This section examines the estimation error /R, (4, Z) x B,,(A, Z) in Theorem 3.3. Consider
estimating m(-) with Algorithm 2. Algorithm 2 first partitions the units into K* groups.
Within each group, it constructs J equally sized folds. For two units (i,v), define ¢'(i) €
{0, 1} with ¢2(i) = 1 if all of the following conditions hold unit v is sampled (R, = 1); v isin
the same partition k € {1,--- , K*} of 4; and v is in any fold except the one containing unit

i.2 The effective sample size for estimation of m® is Y- | R,¢™(i) because, Algorithm 2

*Stanford GSB, and Harvard University. Correspondence: dviviano@fas.harvard.edu. .
IFor example, for i, the propensity score is e(7(X;, D;), T;(7), Zi, Zren,, Rren,, | Ni|), 7 € IL,.
2Following Algorithm 2’s definitions, ¢ (i) = 1{v € (Fg)jzl \F,g(’), k such that i € U;F} }.
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uses sampled units not in the same fold of i, but in its same partition k. Define ¢¢(i) € {0, 1},
with ¢¢ (i) = 1 if all of the following conditions hold: (a) unit v is sampled or, if not sampled,
one of its friends is sampled (R, = 1 or (1 — R,)R} = 1); (b) v is in the same partition
ke{l,---,K*} of i; and (c) v is in any fold except the one containing unit ¢, once we run

Algorithm 2 to estimate e(:). Let m € M, e € £, for function classes M, &, and assume

Ro(A, Z) = o(% f: OME[(1+ f: Rd7(0) e Ri=1,4,2])

=1 = (B.2)
Bo(A, Z) = o(% 3 5%05&[(1 + ZR,,¢§(@')>_2<€‘R,- — 1, A, Z])

=1 " v=1

for some 1/2 > (,,, (. > 0, and Cyy, Ce capturing the complexity of the function class (e.g.,
the sparsity parameter and number of coefficients in a Lasso regression, see Negahban et al.
2012). Here, (,, characterizes the convergence rate of the conditional mean function on
a sample of independent units (by Algorithm 2), with (1 + >0, Rv¢vm(i)> denoting the
effective sample size to estimate m;. Similarly, (. for the propensity score. I rescale the rates
for the propensity score by 1/6% because the propensity score is bounded from zero by §,.?

Equation (B.2) also captures the contribution to the estimation error of those units i

belonging to groups with a few (finite number of) observations (see Algorithm 2).*

Proposition B.2. Suppose the conditions in Theorem 3.3 and Equation (B.2) hold, and
1/2 41/2
ne =an,a € (0,1). Then /R,(A,Z) x B,(A,Z) =0 (M . In addition, if

5nngm+Ce

NﬁmC}\fCém/ngmHe =0 <ne_1/2) , then E[supﬂenn Waz(m)—Waz(Tpme)

A,z =0,

See Appendix D.4.3 for the proof. Proposition B.2 characterizes the rate of the estimation
error. Here, Np/>CY2CE? Insntée = O <ne_ Y 2) holds for a large class of estimators under
conditions on the maximum degree. An example is lasso. Under fixed sparsity, bounded
regression matrix, and regularities in Negahban et al. (2012), ¢, = 1/2, Cx = log(p), where
p is the dimension of the regression matrix. To attain N/ 20}\5120;/ 2 /nsmTe = O (ne_ Y 2),
we only need that (. for the propensity score is such that Nﬁ/ZCém log!?(p) /nS = O (1).

B.3 Welfare with spillovers on non-compliance

Consider the setting where spillovers also occur over individuals’ compliance. Namely, let
D; € {0,1} denote the assigned treatment and S; € {0,1} denote the selected treatment

3The mean-squared error is bounded by O(1/62). Therefore, a smaller §,, leads to slower convergence
rates, captured in the right-hand side of (B.2).
“For those units i with a finite number of observations in their partition k, > ._, R,¢7 (i) = O(1), and

0 (E[(1 Y R

—2Cm

A, Z R; = 1}) is bounded away from (does not converge to) zero for i.
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from individual 7. I model non-compliance as follows:
Vi=r(8: Y Sk ZiINiliei)s S =ha(Dis Y Di Zis|Nil, i) (B.3)
keN; keEN;
I let v; be exogenous unobservables, independent from ¢; (see Proposition B.3), and (r(-), 0)
unknown, with 6 denoting the set of parameters indexing h. Similarly to what discussed in
Section 2, let W(r) = 23" E [Y;- A Z, {Di = W(Xi)}j_l} , the effect under 7, now also

T n
mediated through non-compliance. I discuss identification below.

j=1

Proposition B.3. Let Equation (B.3) hold with ¢; L ((Vj)” (5Dj)?:1) ‘A, Z,

vi|A, Z, (ep,)j=1 ~iida Py Let Py(S; = 1|-) denotes the conditional probability of selection
into treatment indexed by the parameters 0. For each i € {1,--- ,n},
E[Yz A,Z,{DiZW(Xi)}i:J = Z E[Yz Zi, |Ni|, Si = d, Z Skzs} x Hi(d,s, ),
de{0,1},5€{0,+ | N;|} keN;
|V: |

Hi(d, s,7) = Pg(s,- —d

Zz’,\Nz‘!,Vi(WD > HP9<SN@) =uk‘ZN_(km|NN_<k>!,VN_<k>(7T))7
UL, Uiy, Up=5 k=1 ’ ’ ‘ ‘

where Vi(m) = {Di =m(Xi), D ren, Dk = D pen, m(Xk), Zi, ZkeNi}-

See Appendix D.4.1 for the proof. Proposition B.3 is an identification result. The wel-
fare effect of an incentive m depends on conditional means and H,(-). Here H;(-) denotes
the conditional probability of selecting into treatment, conditional on the individual and
neighbors’ incentives. Its expression only depends on the individual probability of selected
treatments Pp(S; = 1|-), conditional on individual’s and neighbors’ treatment assignments.
Interestingly, H;(-) also depends on the treatment assigned to the second-degree neighbors;

therefore, information from second-degree neighbors is required for identification.’

B.4 Different and unknown target population

This subsection briefly presents a setting where experiment participants are drawn from
a different population from the target population, and the target population is unknown.
The target population is characterized by an adjacency matrix and covariates (A’, Z’) as
in Section 4.3. Suppose we cannot reweight as in Section 4.3. Because we sample from
a different and unknown target population, we can only hope to control the average regret
suprer, E[War z:(m)| =E[War 7/ (Tme )], where the expectation is also with respect to (A4’, Z”).
This is a weaker notion of regret compared to the one studied in Theorem 3.1. It follows

QE[:;%»” EIWa ()] = W (mee)| < B sup |[Wo(m,m ) = BWa2()]| |- (Ba)

® Literature on non compliance includes Kang and Imbens (2016), Vazquez-Bare (2020). These references
do not study welfare maximization. This motivates a different identification strategy here.



The results of this paper can be extended to bound Equation (B.4) as follows. Define A,

as an arbitrary random variable independent of (A’ Z’), and similarly A/, independent of

(A, Z, W,(r)),m € II. Suppose (A, Z, W, (7),A,) L (A", Z' /A!), 7= € II. For any A,,, and A’°

N
].

We want to choose A,, (unobserved to researchers), such that (Yi, D, Z;i, Aiq,--- ,Am> A,

exhibit local dependence between units. We can then use the proof technique in Section 3.4

(B4) <E {E[sgg Wi (m, m e) — E[W, (7, m¢, e)|A,]

+ [ sup [E[Wa(r, m, ) An] — E[Warz(m)|A7]
S

(B.5)

to bound the first component in (B.5), while controlling for the largest degree of dependence
given A,. The second component depends on distributional restrictions on (A’, 7).

If no distributional assumption on (A’, Z’) is imposed, we can let A, = (A, Z). In this
case, the second component in the right-hand side of Equation (B.5) is non-zero and captures
the additional cost when sampled units are not drawn from the target population. If instead
we are willing to impose distributional restrictions on (A, Z, A’, Z’), it is possible to control

both components for different choices of A,,.”

Appendix C A numerical study

Next, I present a small numerical study. I simulate data as follows:

1 M + D ken, Mk
Yi= ————(X; Xif2D; Dy + XifsDi+ei, i = ———rre, :
ot ] (54 XDk ) 32 Duk XDien 5=, (C

with 7; ~;;q N(0,1). 1 simulate covariates as X; € [—1,1]*, with each entry drawn inde-
pendently and uniformly between [—1,1]. T draw 5 € {—1.5,1.5} with equal probabilities.
I consider five versions of NEWM. The first two only use a (correctly specified) conditional
mean function, without propensity score adjustment with and without approximate network
cross-fitting where I choose ten folds (Algorithm 3). The latter three use doubly robust esti-
mators, controlling for either the number of treated neighbors (NEWM_drl) or for a binned

function of those (see Remark 1), with and without approximate cross-fitting.

6The expression below follows from the triangular inequality and the fact that under independence of
(A’,Z") with respect to in-sample observations W, (), E{supwen ‘]E[Wn(w,mc,e)mn] —EWar z (77)]“ =

B[ suprerr |Eay [EIWa (m, m°, €) = War,z0(m) A, AL]|| < B[ b rerr [EIWa(m, me, €)|An] ~E[War 20 (m) ]|
where Ej, is the conditional expectation that integrates with respect to Aj, only.

7 An example are adjacency matrices generated by conditional dependency graphs A,,A’ (e.g., Ko-
jevnikov et al., 2021), under exchangeability of such graphs. Specifically, the proof technique of this paper
directly applies to the first component in Equation (B.5) once we choose A,, to be a local dependency graph.
The second component equals zero (and therefore there is no penalty for drawing target and sample units from
different populations in terms of average regret) if E[W,, (7, m¢, e)|A,] = E[W4 z(7)|A,] = E[War 2 (7)|AL].
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I compare the method to two competing methods that ignore network effects from Kita-
gawa and Tetenov (2018); Athey and Wager (2021). Each method uses a policy function of
the form 7(X;) = 1{Xi,1¢1 + Xt + 65 > 0}, estimated via MILP.

First, I consider a geometric network formation of the form A;; = 1{|Xi,2 — X;o|/2+

| Xia — X;4l/2 < Tn} where 7, = 1/4/2.75n similarly to simulations in Leung (2020). In
the second set of simulations, I generate Barabasi-Albert networks.® I estimate the methods
over 200 data sets with n, = n, and I evaluate the performance of each estimate out-of-
sample over 1000 networks, drawn from the same distribution. Results are in Table 1. For
n sufficiently large (n = 200), the five specifications of NEWM yield comparable results.

NEWM outperforms methods that ignore spillover effects uniformly across all specifications.

Table 1: Out-of-sample median welfare over 200 replications. DR is the method in Athey
and Wager (2021) with estimated balancing score and EWM PS is the method in Kitagawa
and Tetenov (2018) with known balancing score. NEWM_outl is NEWM with a correctly
specified outcome model, and NEWM _out2 its equivalent with approximate network cross-
fitting. NEWM _drl is the doubly robust equivalent controlling for the number of treated
neighbors, and NEWM _dr2, NEWM_dr3 control for a binned version of the number of treated
neighbors as in Remark 1, with and without approximate network cross-fitting respectively.
GE denotes the geometric network, and AB the Albert-Barabasi network.

Welfare n = 50 n="70 n = 100 n = 150 n = 200

GE AB GE AB GE AB GE AB GE AB

DR 1.51 0.94 1.50 1.08 142 1.05 1.53 0.95 1.41 0.95
EWM PS 1.21 0.93 1.23 0.92 1.32 0.93 1.38 0.90 1.29 0.95
NEWM_outl 1.74 1.31 1.87 1.38 1.93 1.37 1.91 1.40 2.00 1.39
NEWM out2 1.77 1.34 1.87 141 1.91 1.37 1.95 1.38 1.98 1.39
NEWM.drl 1.78 1.22 1.89 1.33 1.89 1.37 1.94 1.28 1.95 1.33
NEWM.dr2 1.69 1.21 1.83 1.36 1.84 1.33 1.82 1.31 1.94 1.38
NEWM.dr3 145 1.15 1.75 1.25 1.79 1.28 1.81 1.28 1.88 1.35

Appendix D Derivations

D.1 Notation

Definition D.1 (Proper Cover). Given an adjacency matrix A € A,, with n rows and

columns, a family C,, = {C,.(g)} of disjoint subsets C,,(1),C,(2),-- of {1,---,n} is a proper

81 first draw n/5 edges uniformly according to Erdés-Rényi graph with probabilities p = 10/n, and second,
I draw sequentially connections of the new nodes to the existing ones with probability equal to the number
of connection of each pre-existing node divided by the overall number of connections.



cover of A if U,C,(g9) = {1,---,n} and C,(g9) C {1,--- ,n} consists of units such that for
any pair of elements {i,k € C,(g),k # i}, Aix = 0. O

Definition D.2 (Chromatic number). The chromatic number y,,(A), denotes the size of the

smallest proper cover of A. O

Definition D.3. For a given matrix A € A, I define A% € A, the adjacency matrix such
that A; ; = 1if (4, j) are either neighbors or they share at least a common neighbor. Similarly
AM(A) is the adjacency matrix obtained after connecting units sharing common neighbors

up to M degree; N; s is the set of neighbors of individual i for an adjacency matrix AM. O

The proper cover of A? is defined as C2 = {C3(g) ;‘i‘f) with chromatic number y(A?).

Similarly CM = {CM(qg) ;‘SM) with chromatic number ¥, (A}) is the proper cover of AM.
For a given set CM(g), I denote |CM(g)| the number of elements in such a set.

I will refer to x(A) as xn(Ay,) whenever clear from the context. Let
65(71') =ef (W(Xl)a jﬂi(ﬂ% Zk‘ENiv RkENia Zia ‘Nloa mf(ﬂ—) =m* (T((XI)> 117;(7()7 Zi7 |NZ‘)7

for given functions e, m¢, and [;(7) = 1{T;(7) = T;, 7(X;) = D;}, similarly to Equation (9).
In the presence of estimation error, define é;(), 7;(7) their corresponding estimators.

Following Devroye et al. (2013)’s notation, for 2} = (z1, ..., ,,) being arbitrary points in
A", for a function class F, with f € F, f: X — R, let F(a}) = {f(z1), ..., f(xn) : f € F}.

Definition D.4. For a class of functions F, with f : X — R, Vf € F and n data points
Z1,...,t, € X define the [,-covering number M, (n,f(x’f)) to be the cardinality of the

smallest cover {si,...,sy}, with s; € R™, such that for each f € F, there exist an s; €

{s1,...,sn} such that (3" |f(x;) — sgi)|q>1/q < 7. For F the envelope of F, define the

Dudley’s integral as fOQF \/log (./\/11(77, ]-“(x?)))dn. O

For random variables X = (X1, ..., X,,), denote Ex[.] the expectation with respect to X,

conditional on the other variables inside the expectation operator.

Definition D.5. Let Xi,..., X,, be arbitrary random variables. Let ¢ = {o;}"; be i.i.d
Rademacher random variables (P(0; = —1) = P(0; = 1) = 1/2), independent of X7, ..., X,,.
The empirical Rademacher complexity is R, (F) = E, |:Supf€]_— L5, aif(Xi)|‘X1, o Xn} .

D.2 Theorems

I discuss the theorems first. Appendix D.3 presents the lemmas used for these theorems.
The first theorem controls the supremum of the empirical process of interest with respect
to IT D II,, as in Assumption 2.5. Theorem D.1 imposes the same assumptions as Theorem

3.1, except that unobservables can be locally dependent up to the M degree.
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Theorem D.1. Let Assumptions 2.1, 2.2, 2.3 (A), 2.3 (C), 2.3 (D), 2.5, 3.1, 4.1 (A) hold.
Consider functions m©(-),e(-) such that for all d € {0,1},t € T, m°(d,t, Z;,|N;|) € [-I',T],
for a finite constant T, and e°(d,t, Zyen,, Rren,, Zi, |Ni|) € (v0n,1 — v6,) almost surely.
Suppose that either (or both) (i) e¢ = e, or (ii) also Assumption 2.3 (B) hold and m® = m.
Then for anyn > 1, M > 2, and a universal constant C < oo

M+41
E[Sup ‘Wn<ﬂ-7mc7 eC) _ WA7Z(7T)"A, Z] S C,L MNn log(Nn)VC(H) . (Dl)
well Yo, Te

Proof of Theorem D.1. 1 organize the proof as follows. First, I derive a symmetrization

argument to bound the supremum of the empirical process in Equation (D.1) with the
Rademacher complexity of direct and spillover effects. Second, I bound the Rademacher

complexity using Lemmas D.7, D.8. Section 3.4 provides a proof sketch. Define
(v - i) + ()]

Qi(ﬂaA7 Z) =R; |:€f(7r)
where I suppressed the dependence with e, m¢. Define Q,(w, A, Z) the distribution such
that (Qi<7T,A, Z)) ‘A,Z ~ Qu(m, A, Z). Define (0;)", i.i.d. Rademacher random vari-
i=1

ables independent of observables and unobservables. Finally, let <Q;(7T,A, Z))n ‘A, 7 ~
i=1

n
1=

Qn(m, A, Z), an independent copy of <Qi(7T,A, Z)> , conditional on (A,Z). Note that
1
Qi(m, A, Z) depends on 7 through (W(Xi), > keN, W(Xk)> by Assumption 2.1 (since T;(m) is

an arbitrary function of » 7, .\ m(X})).

Conditional expectation By definition of @)},

¢ e IS RIO (¢ me _1 .
E[Wa(r, e, m?)|A, Z] = — ;E[Qm,e me)|A, 2] = — ;E[Qi(w,e ,m°)|A, Z]. (D.2)
It follows:
E[ sup [Wa(m,m, ) = Waz(m)]| 4, 7]
mell
= E| sup |Wy,(m,m®, e°) — E[W,, (7, m", e°)|A, Z]\‘A, Z] (" Lemma D.10)
-mell
- 1 n
= E[sup | - 3" [@ilr. 4. 2) ~ E[Qi(r. 4. 2)\A. 2] ||4. 2] (- Eq. (D.2))
mel e =1
- 1 n
= Slelll')l nf ZEQ' [Qi(ﬂv A’ Z) - QZ’(W’ A7 Z)‘Aa Z} “A7 Z} ( (Q;)?:l = (Qi)?:l‘Av Z)
o € i=1
<E -SuIT)I ni Z [Qi(w, A7) — Qli(r, A, Z)} ‘|A, Z} (.- Jensen’s inequality).
rel e i
(D.3)

The second to last equality takes the expectation with respect to Q' (given Q, A, 7).

9These steps follow similarly to those in Boucheron et al. (2013).
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Symmetrization and proper cover Recall now Definitions D.1, D.2; D.3. Construct
an adjacency matrix AM with neighbors connected up to the M degree, with smallest
proper cover CM = {Cn(j)};‘gM),C%(g) C{1,---,n},u,CM(g) ={1,--- ,n}, and chromatic
number y(AM). Note that such a cover always exists.!’ By the triangular inequality

n

E[Tsrgg nlz; [@ir, A,2) ~ Qi(r, 4, 2)] |14, 2]
< ¥ E[Sup 1 3 {Qi(ﬂ,A,Z)—Q;(W,A,Z)”]A, Z}. (D4)
jeft o oxanyy TELT seearg)

=11(g)

Observe first that E[Q;(7, A, Z) — Qi(m, A, Z)|A, Z] = 0 since @, Q) have the same distri-
bution. Also, if R; = 0, then @); = 0. Therefore, by Assumption 2.1, and Assumption 2.2 (i),
for a given m, Q;(m, A, Z) is a deterministic function of R; (RkeNi, €Dy EDyen, s ZkeN;s Lis Eis R,{eNi )
Also, note that if R; = 1, then R£ = 1, for k € N; almost surely. Therefore, (); can be written
as a deterministic function of (Ri, Rien,, €Dy EDyen, » Zken;, Zi, 5i> only, where we can drop

its dependence with Rie ;- The following holds.
e By Assumption 2.2 (i), ep, are i.i.d. and exogenous with respect to (A, Z, ¢);
e By Assumption 2.2 (iii) and Assumption 2.3 (A) R; are i.i.d. and exogenous;

e Under Assumption 4.1 (A), &;|A, Z are independent for individuals who are not neigh-
bors up to degree M > 2.

As a result, it directly follows that conditional on A, Z, for any M > 2,

<Ri7Rk‘ENpgDingkeN.)ZkEN“Z’ivgi) J~ (Rj7RkGvang7€DkeNj7Zk€Nj7Zj7€j> ) M ’Au Z
¢ JEULL Nk

(D.5)
Equation (D.5) implies that Q;(7, A, Z) L (Q;(7, A, Z))jeum n,,|A, Z. Since (Qi)iy, (Q7)i=1 A, Z

have the same joint distribution and are independent, we also have

(Qi(w, A, Z) — Ql(n, A, Z)) L (Qj(w, A,Z) = Q(m, A, Z)) A, Z. (D.6)

JEURL N g

Note that (Qi)iccrr(g) =da (Q})iccrr(g)|A, Z and are independent (since C)' is deterministic
conditional on A). Therefore, for each group CM(g), by Equation (D.6), for i € CM(g)

(Qilm 4.2) = Qi(r. 4.2)) L (Qy(m. A, 2) - Q}(r. A, 2))

)

J#i,5€CHM (g)

10For example, in a fully connected network, the chromatic number is n, where each group only contains
one unit, while in a network with no connection, the chromatic number is one. The size of such cover
(chromatic number) will affect the bound in the statement of the theorem via the maximum degree.



We can then bound 7/(g) in Equation (D.4) as follows

- o; [Qi(w,A, Z) — Q'(m, A, Z)] ‘|A, Z}
©iecM(g)

1 T aiQi(w,A,Z)MA,Z}—i—E[ 3 aZ-Q’i(w,A,Z)’]A,Z]

n
iecl (g) el sech (g)

1 Z UZ‘QZ‘(W,A,Z)”A’Z]

The first equality follows from independence of Q; — Q}|A, Z within the subset CM(g), and
the fact that Q;, @} have the same distribution. The second inequality follows from the
triangular inequality and @;, @} having the same joint distribution given A, Z.

Bound on the Rademacher complexity The following holds

1
E [ -
well ' Me

vi|| 14, 2]

1 I;
3 aiQi(w,A,Z)‘\A,Z} SE{EYJ{SUp — Y R c(7r)
oM nell ' Me . 7= ei(Tr)
eCci(g) ieCH (g)

=i(g)

i(m) .
+E[Eg[igg ;iec%;(g) alRZeIZC(ng(Tr)H |A, Z} +IE_ [:1612 - GCZM: )UlRm H \A,Z],

::;ir(g) 5:'5;‘;(9)

(D.7)
where Ey ,[-] denotes the conditional expectation with respect to (Y, o) only, given all other
observables and unobservables, and similarly E,[-], with respect to o only. Let C' < oo be a

universal constant. I invoke Lemma D.8 for each element in Equation (D.7) as follows.

e [ invoke Lemma D.8 for i(g) with Y; in lieu of €2; in the statement of Lemma D.8,
with third moment bounded by I'? by Assumption 2.3 (D); ( ) in lieu of g;(+) in
Lemma D.8, with upper bound U,, = 1/(vd,) (U, as in the statement of Lemma D.8)
by Assumption 2.2 (ii). Since we sum over elements R;1{i € CM(g)} = 1, by Lemma
D.8

i(g) < C J VO(IAG 3 Ril{i € Cl (9)} loa(Na).

neYon i=1

e Iinvoke Lemma D.8 for ii(g) where we have % (( %mz(w) in lieu of g;(+) in the statement

of Lemma D.8, with constant U, = I'/(vd,) by Assumption 2.3 (D) and Assumption
2.2 (ii), and €; = 1 in the statement of Lemma D.8. Therefore,

ii(g) < C

neY0n i=1

J VO(ING 3" Ril{i € Y (9)} log(AG).



e [invoke Lemma D.8 for iii(g) where we have m;(m) in lieu of g;(-) with constant U,, =T,

and €; = 1 in the statement of Lemma D.8. Therefore,

n
€ i=1

i1i(g) < C’FJ VC(IDN, Zn: R;1{i € CM(g)}log(Ny,).

Summing the terms Collecting the terms together, I obtain

CHENEDY E[FJA@ loa(Wa) VO(I) 3 Ril{i € Clt (9)}] 4, 2]

gelt a0 i=1

where the expectation is taken with respect to R = (Ry, -+, R,). | write

Z E 3 N, log(N,,)VC(ID) i R;i1{i e C,]y[(g)}‘A, Z}

gett a0 i=1

< Z F(S N, log(N,,) VC(II) ZE[RZ-\A, Z)1{iecM(g)} (" Jensen’s inequality)
ge{1 - y(arny eT0 P
T
— > — VN log(N,,) VC (I ne|Cr(g)| /7 (. E[R;|A, Z] = ne/n).
ge{1, -~ x(arny o
(D.8)
We have
1
(D.8) < X(AM)nevén J N log(Nn)VC(H)neW Y. [eM(g)l/n (. concave V)
ge{L"':X(A]VI)}
B uy T 1 T [x(AM)N,log(N,,)VC(II)
= x(A )nevén \/Nn log(Nn)VC(H)neX(AM) = ’V(Sn\/ ) :

(D.9)
In the first inequality in (D.9) I divided and multiplied by x(A™) and used concavity of the
square-root function. In the second equality I used the fact that {C}(g)} contain disjoint
sets, with ICM(g)| = n. By Lemma D.2 x(AM) < MNM  completing the proof. O

D.2.1 Theorem 3.1 and Theorem 4.2

I state these two theorems as corollaries of Theorem D.1.
Corollary 1. Theorem 5.1 holds.
Proof. Following Kitagawa and Tetenov (2018),

E[ sul%) Waz(m) —Wa z(Tmee)
S n

A, Z}

= E{ sup Wa z(m) — Wy (fme e, m, €) + Wi (Tme e, m, €) — Wa z(fme.e)
well,

A, Z} (D.10)

< ]E|: sup WA,Z(T") - Wn(ﬂ-y mc’ 6) + Wn(ﬁ-mc,ea mc7 6) - WA,Z(ﬁm‘f,ec)
well,

A,Z]

10



We have (D.10) < E[2 SUPery, |Wa,z(m) — Wn(w,mc,e)\)A, Z} < E[2 SUDery [Waz(m) —
W (m, me, e)|’A, Z} (. II,, C II). The proof completes by Theorem D.1, with M = 2. ]

Corollary 2. Theorem 4.2 holds.

Proof. Following the argument of Corollary 1, and using the fact that II,, C II, it follows

A, z} < zE[sup Wi (r,mE, ¢€) — WA,Z(W)|‘A, Z}

E| sup Wa z(m) — Wa z(Tme)
well

well,

()

+ zE[sup Wy (0, 110, 8) — Wi (mr, mC, ¢°)|
well

(1)

Term (/) is bounded by Theorem D.1. I now study (/I). In particular, (/1) is equal to

ELEH ;éRiE:g(Y—m(ﬂ)) +i§;Ri(mi(n) — m( ) ;;:;RZ : ( mf(w))‘\A, Z]
<E[sup|- 2 Riézf:;(n mf(m) —mf(m) — () ) — anR ”(Z; (¥ —ms(m) 1. 2]
+E[22§|EZR< )—mf(ﬂ)>|‘A,Z]
< Esup I3 Rt~ i) 4.7) B s SR T (v mim) 4.7
+E[i§E’EZR’ (:; (m,-(w) —mf(ﬁ))\‘A,Z].
(D.11)
I inspect each term in Equation (D.11). Since R; € {0,1}
[f:;ﬁ’ne;R (m ))\‘A,Z] < E[;ésngi]m(d,s,Zi, IN;|) —mC(d,s,Zi,|Ni\)y(A, Z]

By Cauchy-Schwarz inequality and the triangular inequality

[ ZsupR |m(d, s, Zi, |N;|) — m®(d, s, Z;, \Ni])|’A, Z}
€ =1 &3

IN

=1

1 n
7Z]ER2 [ Zsup|m(dvsaziv|Ni’)_mc(dasaZi>|Ni|>|2‘Av Z]
Ne Ne i1 s

1 n
= B[ D suplind, 5, 2, IN) = me(d, 5, 2, INi2| A, 2] (- EIRY] = B[R] = ne/n).
M1 ds

11



For the second term we have (let e(d, t) = e°(d, t, Zren,, Rren;, |N;|) and similarly for é;(d, t))

|

Li(z) _ Li{r)

[sup]—ZR () (F))(Y mg ))|‘A,Z}<2F/E[sup—

rell Me i—1 7T 1(7r) well Te i—1

eS(m)  é(m

§2F’E[ ZRsup| (dt) A'(;’t))‘A,Z}<2F’J [ Zsupy dt Ai(cll’t)”z‘A,Z}

where in the first inequality I used the fact that Y, m® are uniformly bounded and in the last

inequality I used Cauchy-Schwarz. For the third term in (D.11), it follows similarly

E[sup L Zn: R; ig; (mi(w) - mf(ﬁ)) | ‘A, z] < —E[sup - Z R; |<ml f(w)) | }A, z]
i=1 v

well e im1

J [ Zsup‘< (d,t, 2, IN:) = me(d, t, Zi, ING)) ) 24, 2.

D.2.2 Proof of Theorem 3.2

The proof constructs an appropriate adjacency matrix, matrix of covariates and distribution
of treatments and unobservables to provide the lower bound, taking into account the selection
indicators. Recall the definition of Ep, (4, z)[-] in Theorem 3.2. Let v = VC(II), and recall,
under Assumption 2.2 (iii), R; ~;;q4 Bern(a),a = n./n. Let X; = Z; for expositional
convenience.'" Let A* € A9, such that Af; = 0 for all i # j. Let z1,---,z, be v points
shattered by II, which, since X = R¢ and II has VC dimension v they must exist. Let Z*
such that £ 3" 1{ZF = z;} = 2 for all j € {1,--- ,v}. I write
On,

sup sup Ep, sup Wa z(m) = Wa,z(7n ‘A,Z
A€AS,Z€Z" Dy (A,Z)EPn(A,Z) /\/’3/2 1og1/2(/\/'n) b (A’Z)[(Wen (7) ( )) }

on

> sup E (A% 7 supWA*z* T —WA*,Z* Tn ‘A:A*’Zzz* 7
Do(A*,27)ePn(4%,2%) N * log 2 (N},) P2 )[<7reH (™) ( )) ]
(D.12)

where, recall that d,,/,, are also a function of A* Z*.

I will focus on Equation (D.12). I will indicate for |A*, Z* the conditioning set |A =
A*, Z = 7Z*. Because I consider a fully disconnected network, we have §,, = 1 in Assumption
2.2 (since individuals have no neighbors), and N, = 2 for adjacency matrix A*. T follow the
proof of Theorem 14.5 in Devroye et al. (2013), and Theorem 2.2 in Kitagawa and Tetenov

(2018), while I also condition on (A*, Z*), and consider random indicators R;.

1T assume that X; = Z; so that I do not have to keep track of both Z;, X; through the proof.

12



Treatment assignments and potential outcomes’ distribution Next, I select the
distribution for treatment assignments and potential outcomes. Let D; be a Bernoulli random
variable, independent of observables and unobservables with P(D; = 1) = 1/2. Let b €
{0,1}" be a bit indicator which indexes a distribution D, ,(A*, Z*) € P,(A*, Z*). Namely,
I restrict the class of distributions to a finite number of distributions, indexed by b. Denote
Yi(d) = r(d,0,Z;,0,¢;), the potential outcome function, where spillovers and number of
connections are equal to zero by construction of A*. Let P(Y;(1) =1/2|Z; = z;) =1/2+n,
P(Yi(1) = -1/2|Z; = zj) = 1/2 —n for b; = 1,7 < v. If b; = 0, instead have P(Y;(1) =
1/21Z; = z;) = 1/2 —n, P(Y;(1) = —1/2|Z; = z;) = 1/2 4 n, where n € [0,1/2] and is
selected at the end of the proof. Consider Y;(0) = 0 almost surely.

Lower bound via Bayes risk I can therefore write the optimal treatment rule as 7}, (2;) =
1{b; = 1},j < v, which satisfies the finite VC dimension. I have W4« z«(m,) = 2327 b;
under the distribution D,, . Consider b being a random variable with b; ~;; s Bern(1/2)
and independent of observables and unobservables. Denote Ey,[-] the expectation with respect

to b (conditional on A*, Z*). For any data-dependent 7,

sup EDR(A*,Z*) |:WA*,Z* (7‘({,) - WA*,Z* (ﬁ'n) A*, Z*:|

Dn(A*,Z*)EPn

> Ey, [EDW(A*Z*) [WA*VZ* (7)) — Wae ()| A%, Z*} A, Z*], (D.13)
> i%fnll) iEb [EDn’b(A*7Z*) [1{@ ” ﬁ'n(zj)}‘A*, Z*} A, Z*].
j=1

We can see the minimization in Equation (D.13) as a risk-minimization problem with lower

bound provided by the Bayes risk. I construct a Bayes classifier of the form
Fulz) = 1{P (b = 1] [(Yi,Di,DkeNi)Ri,RiLzl,A*,Z*) >1/2},j <v.

I can then follow the same steps of Kitagawa and Tetenov (2018), Equation (A.12), (A.13),
with k= #{z . 7, = 2, RY:D; = 1/2},/.c; _ #{z . 7, = 2, RY:D; = —1/2} for the case
of this paper, and Y;D;R; in lieu of Y;D; in the derivation of Kitagawa and Tetenov (2018).
Following (A.12), (A.13), and the equation below (A.13) in Kitagawa and Tetenov (2018)

i%fni ZU:IEb [Epn’bw,z*) [1{@ ) frn(zj)}‘A*, Z*} A, Z*}

=1

A*,Z*H 1429
a = .

v
Z —Ep {]Evn b(A*,2%) [\ Zi;z*:z]. 2Y;D; R;|
a/ ’ K
’ 1—2n

>

T 2v ¢4
7j=1

12See e.g., Appendix A.2 in Kitagawa and Tetenov (2018), Page 8.
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Lower bound on the Bayes risk The marginal distribution of Y;(1) (once we integrate
over b), is P(Y;(1) = 1/2|Z*, A*) = P(Y;(1) = —1/2|Z*, A*) = 1/2 similarly to Kitagawa
and Tetenov (2018). By independence, P(D;R; = 1) = /2. We have

Ep |Ep, a0 21 | 2| =Fp (B ez |l > 2Wil|4n, 2]
iIZ::Zj ZZ;:Z],Rleil
n/v
n/v _ Qynfok L
_ Z( > /| Bk, 3) — k/2],
(D.14)
where B(k,1/2) is a binomial random variable with parameters (k,1/2). Equation (D.14)
holds because given Z = Z*, there are n/v many observations with Z = z;,j < v by
construction of Z*. We can write E|B(k, 1) —k/2 \/ E <B (k,3)—k/ 2> \/> It follows

(D.14) < nz/é (n/v> 1—;‘)"/1’*\/5:15\/3(”{1”’3) < \/E[B(niv,g‘)] _ %'

Following Kitagawa and Tetenov (2018), equation (A.14) and below, with an in lieu of n
in Kitagawa and Tetenov (2018), it follows that the Bayes risk is bounded from below by
2\/ exp(—2v/2) for an > 16v. Since n, = an, N, < 2 for A*, the proof completes.

D.2.3 Proof of Theorem 3.3
For the sake of brevity, I will be using the following notation
fl(d)t) = 1{d:Dl7t:E}7 él(d7t) :e(d7t7Zk€Nl7Rk€Nz7Z27|N’L‘>7 ml(d7t) :m(d7tvzﬂ’NZ|>

Also, let &, = Y;—m(D;, T;, Z;, |N;|). With an abuse of notation, I will refer to é;(d, t), m;(d,t)
as the estimated counterpart of é;(d,t),m;(d,t) from Algorithm 2, with arguments (d,t).
Let I;(m),e;(m), mi(m) be defined as at the beginning of Section 3.1, and é;(m),m;(7) be
defined as in Algorithm 2 (Equation (26)), as a function of the treatment assignment rule 7
(therefore () := & (n(X;), Ty(r)) and similarly for 7i2;(7)). Recall the definitions of K*, F/
in Algorithm 2: K* denotes the number of partitions obtained under Algorithm 2, where we
have k € {1,---, K*} many partitions. Within each partition, we have j € {1,--- ,J} folds
F,g . For each k € {1,--- | K*}, U}I:lF ,g never contains two units that are either neighbors or
share a common neighbor. Let R = (Ry,--- , R,).

The argument I present in the current proof applies to any K* obtained from Algorithm
2, and any configurations of folds (F,g)jzl,k € {1,---,K*} obtained from Algorithm 2,

including settings with folds F; ,ﬁ with one or few units.'

13Gpecifically, note that Algorithm 2 estimates ("), 1/é(*) as zero functions for those units 7, assigned to
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Preliminary decomposition Following the same argument of Corollary 1, since II,, C I,

IE[ sup Wa,z(m) — Wa z(7m.¢)

A, Z} < 2E[sup W, (m,m,e) — WA’Z(W)"A, Z}

mell, mwell
(1)
+ QE{Sup |Wh(m,m, é) — Wy (m,m, e)\‘A, Z] .
mell
(D)

Term (/) is bounded by Theorem D.1. I now study (/7).

(U):E[ ' nlz" Ri(é%g;(mi(w)—mi(w))wéfg+mi(w)—mi(7r))‘\z4,z}
TE e i=1 7 7
= &sup | L 5" R (20 By ) o) + e (B 1) ) 14,2
TE e Z:1 1 (3 (] (]

The last equality follows after adding and subctracting R; 2™ (m;(w) — ri;(r)). It follows

ei(m)

o lagl i (- 9w ey 0 (45 - 25
(i) (i1)
+E[igg ;;R@ZEZ;‘\A,Z} —HELeH ! ;Ri<m—1)(mi(7r)—mi(7r))’yA,Z}.

(iii) (iv)
(D.15)

We bound each component (i), (i7), (iii), (iv) separately below.
Bounding (i) Consider () first. We have

- 3 Ro(Z0 IO o) — ()14, 2] ¢ R e f0.1))
¢ =1

62'(7T) ei(ﬂ')

“\ oS rep () J fE[ZR aap () )4, 2]

dyt

1 2
= \ [R;/ne]E [; sup ( @1 & t)) =1, A, Z} X (*.- Defn of conditional expectation)
2
X J [R;/ne|E [Zsup (mz (d,t) — m;(d, t)) =1, A, Z} = V/Ru(A, Z) x B,(A, Z).
1 it
(D.16)
groups k € {1,--- , K*} with few (a finite) number of units. The estimation error for such units contributes

directly to the average error in Equation (D.16), without affecting the derivation of Theorem 3.3. Appendix
B.2 show how to control the estimation error in Equation (D.16).
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Summands in (i) and (i), (iv) Next, I show that each summand in (77), (ii7), (iv) has

a zero conditional expectation, given R, A, Z, for any ¢ m® in Algorithm 2.
(77) I start from summands in (7). I write the expectation of each summand as

(42 a5

- IE[RZ- (T(W(Xi),n(w),zi, INi|, ;) — mi(ﬂ')> (égg - ig;) ‘R, 7, A]
- E[E [Ri (r(W(Xi),Ti(ﬂ), Zi, INil, &5) — mi(ﬂ)) CE:; — ig; &(n), R, Z, A} ‘R, 7z, A]
- RlE[(r(w(Xl),T(w), Zi,INil, &5) — mi(w))|A, Z, R] E[(égg - ig;) ‘R, Z, A}

=0
(. Alg 2 and Assumptions 2.2(i), 2.3) = 0.
(D.17)

The last equality follows from the fact that T;(7) (in Equation (5)) is a deterministic
function of (A, Z), ¢; is independent of é;(m) given (R, Z, A) by Algorithm 2, and ¢; is
conditionally independent of (D;, R;)!, given A, Z, by Assumption 2.2 (i), 2.3 (A).

(23i) For (ii1), E[R;&;1;(m)/ei(m)|R, A, Z] = 0 directly by Assumptions 2.2 (i), 2.3 (A).

(7v) For summands in (iv), we have:

E{R(égg _ 1)(mi(w) _ mi(w)))R, A, z}

(D.18)

- RE[CEZ; - 1) ‘R,A,Z} E{(mi(w) - mi(w))‘R,A,Z] = 0.

=0

The first equality follows because m;(7) is independent of (D;, Dyen,) conditional on
(R, A, Z) by Algorithm 2 and Assumption 2.2 (i).

Bounds for (ii) Using the triangular inequality and the law of iterated expectations, I

write (letting é;(-) be the estimated propensity score function for )

K* J 1
(i) SE[ZZE[SMP e > Riéz(
194

. mwell
k=1 j=1 i

() ei(m)

2277) Ii(ﬂ'))

6y () R A, Z] ‘A, Z],

(D.19)

~~

:(Mi)

where here we also condition on R and the estimated functions é; for units in the fold ¢ € F; ,ﬁ )

Next, we bound each component (M) in (D.19). We make the following observations.

(1) (F} )7_1, K* are deterministic functions of (R, A) by construction of Algorithm 2.
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(2) Foreachi € F/,E [Rl-éz- <£§:; —%) AR, Z, éz’eF,{(')} = 0 by (D.17) and independence
of e, Fo (-) with &; (independence follows from Alg 2 and Assumptions 2.2 (i), 2.3 (A)).!

éi(m)
independent among units in the same fold (i € FJ), by 2.2 (i), 2.3 (A) and Alg 2

(3) Conditional on (éing(')7 R, A, 7Z), we have that {Rié'i<{"(”) () — I?(”)>} are mutually

Therefore, by (2), and (3) above I can invoke standard symmetrization arguments for centered

independent random variables (see Lemma 6.4.2 in Vershynin, 2018) to bound

o 201 E ( - I%(w))‘}|ezepj() R,A,Z| (D.20)

(M])<2]E{ [216111_)[

éi(m ) ei(m)

for (o1, -+ ,0,) be i.i.d. exogenous Radamacher random variables (recall that Ez ,[-] indicates
that the inner expectation is conditional on everything else except o, €).

I can now directly use Lemma D.8 to bound the right-hand-side of (D.20). Namely, I
invoke Lemma D.8 where €2; in the statement of Lemma D.8 is &; in Equation (D.20), g;(-)
% - %) in Equation (D.20); U, in the statement of Lemma D.8 is
V—n in (D.20). Therefore, by Lemma D.8, for a universal constant C' < oo

L3 e (U5 - S < S st S e e

=1

in Lemma D.8 is (

[sup
mwell
1€

It follows

ZE[Kg Mi)|a.7] < e K*cr\/z 1 D Aulog) S Rl € FIVE)

(. concavity of /z)

<IE[\/JK*(;;FJanog(Nn)ZRiVC(H)A,Z} (UK _F (L, n))
€ i=1
E[ Tn(a?y < J/\/ log( n)ZRNC(H)’A, Z} (- K* < x(A2) by Lem D.9)
CT . . :
< v/ Jx(42) JN,% log(N;,) ZE[RZ-]VC(H) (.- Jensen’s inequality).
€ i=1

(D.21)

H4Independence follows from the fact that U'jjle ,g does not contain two sampled individuals that are either
neighbors or share a common neighbor. Therefore, we never use information from (D;, Dgen,) to estimate
é;(-) for all i : R; = 1. Also, note that the argument holds if, for estimating the propensity score for i, we also

use information from the neighbors of the units in UJ F J \ F, () \which have not been sampled, where F’ ,z @
denotes the fold containing unit 4. These units (i.e., non-sampled neighbors of elements in UJ 1 J \ F, ,z (i))

cannot be neighbors of 4 (for 7 such that R; = 1) since U‘]]: F; 7 does not contain sampled units Wlth a common
neighbor.
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By Assumption 2.2 (iii) (D.21) < \/Jx(AQ)CT\/Aw. By construction of Algo-

rithm 2, J = O(1). By Lemma D.5, x(A4?%) < 2N2.

Rademacher complexity bounds for (iii) Since (iii) does not depend on estimators,
the bound for (7i7) follows from the same argument in Theorem D.1. Recall the definitions
of x(A4?%),C2(g) T used in Theorem D.1. Following the proof of Theorem D.1 (Paragraph

“Symmetrization and proper cover”), I can write

(131) < Z E{ [sup ne,z R;e er H]A,Z]

ge{l, x(A2)} mell

n% ZZGCQ(Q R; ézl H directly with Lemma D.8, with &; in
lieu of €; in Lemma D.8 and I;(7)/e;() in lieu of gi(+) in Lemma D.8, with upper bound

I can now bound Emg[supwen

U, = 2/(76,). Following the same argument as in Equation (D.8)

> E[E[su| - Z Rié Z 14,2] < r\/T\/N = ogNa)VOUT),

n
ge{l, x(A?)} el e i€C2 (g

By Lemma D.5, y(A4?%) < 22, for a universal constant ¢ < oo.

Rademacher complexity bounds for (iv) The bound for (iv) follows verbatim as the
bound for (4), where, here, instead of conditioning on é,_ Fi 8s in Equation (D.19), I condition

on m This is omitted for space constraints. The proof completes.

ZEF]
D.2.4 Proof of Theorem 4.1

Define Wi ,(m) = £ 3", m(w(X) T (), Z;, |N1])1{|NZ| < logv(ﬁn)} the trimmed version

of welfare. Following Corollary 1,

E| sup Waz(m) — Waz(71)
7T€Hn

} <2E[Sup Wz () — Wﬁ"(w)“A,Z}
mell (D.22)

< QE[SZE WZ:Z(W)—W;;T(W)MA,Z} +281€11r)[ WY () — WA72(7T)’.

The bounds for the first component in the right-hand side of Equation (D.22) follows ver-
batim the proof of Theorem D.1, since E[W"()|A, Z] = W} ,(n), with the difference that

the overlap constant is v°%+(**")+1 yunder Assumption 2.2 (i). For the second component,

Wi o(m) ~ Wasm)] < 2 3 m (x50, T, 2 30) (1 - 1IN <o, (s)}). (029

1=

Note that (D.23) = 0(% S, 1{|NZ~| > logv(/@n)}>, by Assumption 2.3 (D) (since the third

moment is bounded, also the first moment is uniformly bounded) and Holder’s inequality.
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D.2.5 Proof of Proposition 4.4

By Lemma 4.3, E[W, (7, m¢, e)|A, Z, A, Z'| = Wa z(x). Therefore, the same argument of
the proof of Theorem D.1 holds, with the difference that the Lipschitz constant in the proof

of Theorem D.1 now multiplies by L AZm-

D.3 Lemmas

Lemma D.2. The following holds: x(A,) < x(AM) < MNM for alln > 1.

Proof of Lemma D.2. The first inequality follows by Definition D.3. The second inequality

follows by Brook’s Theorem (Brooks, 1941), since the maximum degree under A is bounded

by Ny + Ny x N+ -+ TN, < MM, O

Lemma D.3. Fori € {1, --- ,n} consider functions f; : T, — [—=U,, U,| for some U, > 0,
and Tp, C Z. Then for any i € {1,--- ,n},n > 1, f;(t) is 2U,-Lipschitz in t.

Proof of Lemma D.3. For any t.t' € Z, |fi(t) — fi(t')

< 2U, for t # t', by the triangular

inequality. Since 7, C Z is discrete, |f;(t) — fi(t))| < 2U,|t —t|. O
Lemma D.4. For anyi € {1,--- ,n}, let X; € X be an arbitrary random variable and F a
class of uniformly bounded functions with envelope F. Let ;| X1, -+ , X,, be random variables

independently but not necessarily identically distributed, where ; > 0 is a scalar. Assume
that for some u > 0, E[Q?*"|Z] < B, Vi € {1, ,n}. In addition, assume that for any

fized points xt € X", for some V,, > 0, for alln > 1, fOQF \/log (Ml (n,f(x?)))dn <V

Let o; be i.i.d Rademacher random wvariables independent of ()", (X;)i-,. Then for a

constant 0 < Cp < oo that only depend on F and u, for alln > 1

BV,

n .

/ [sup —ZO’Z O1{ >w}’|X1, ,Xn}dwng
0 fer

Proof of Lemma D.4. The proof follows verbatim the proof of Lemma A.5 in Kitagawa and
Tetenov (2019), with two small differences that do not affect the argument of the proof: I
must control the Rademacher complexity using the Dudley’s entropy integral bound (instead
of the VC dimension), and €2; are independent but not necessarily identically distributed
random variables. Given that the argument follows verbatim the one of Lemma A.5 of

Kitagawa and Tetenov (2019), the proof is omitted for space constraints.'® O

15The reader may refer to a technical note that collects lemmas from past literature available at dviviano.
github.io/projects/note_preliminary lemmas.pdf for details.

19


dviviano.github.io/projects/note_preliminary_lemmas.pdf
dviviano.github.io/projects/note_preliminary_lemmas.pdf

Lemma D.5. Take any k > 2. Let Fy,--- ,Fr be classes of bounded functions with VC

dimension v and envelope F < co. Let

TIn = {fl(f2 +ot+fo), fieF, j=1,-- ,k}, TIn(z]) = {h(xl)r“ () h € jn}-

For arbitrary fived points ' € X", for anyn > 1,k > 2,v > 1, fOQF \/log (./\/ll <77, j(x’f)))dn <
cpy/klog(k)v for a constant cp < oo that only depends on F.
Proof of Lemma D.5. Without loss of generality let /' > 1 (since if less than one the envelope

is also uniformly bounded by one). Let F_y,(27) = {fo(2}) + ... + fu(2}), f; € Fj,j =
2,...,kn}. By Devroye et al. (2013), Theorem 29.6, Ml(%}"—l,n(ﬂl)) < H§:2M1<n/(k’ -

1), ﬁ(:ﬁf)). By Theorem 29.7 in Devroye et al. (2013),

Ml(n Tz ) f[ < )F Fi(x )>M1(2F ]:(96?))- (D.24)

By standard properties of covering numbers, for a generic set H, Ni(n,H) < Nao(n, H). Tt
follows (D.24) < H] 5 Mo (k—l)F, J(:E’f)>/\/lg <2F , Fr(xh )> I now apply a uniform entropy
bound for the covering number. By Theorem 2.6.7 of Van Der Vaart and Wellner (1996),

we have that for a universal constant C' < oo (that without loss of generality we can assume

= 2v
C>1), Mg(rkjﬁ,ﬁ(xgz)) < C(v + 1)(16¢) D (%) which implies that

log (/\/l1 (77, jn(ac’f)>) < ki_:l log <./\/12 (2}?(73—1)’}— (z ))) + log (Mg( ]:1(1'1)))
j=1

< klog (C(v +1)(160)"+1) + k20log(2CF2(k — 1)/1).

Since f;F \/k: log (C’(v + 1)(166)v+1> + kn20log(2CF2(k — 1) /n)dn < cpy/klog(k)v for a

constant ¢y < 0o, the proof completes. O]
We discuss the Ledoux and Talagrand (2011)’s inequality for the case of interest here.

Lemma D.6. For alli € {1, --- ,n}, let ¢; : R — R be such that |p;(a) — ¢;(b)| < L|a — b
for all a,b € R, with ¢;(0) = 0, and arbitrary L > 0. Then, for any n > 1,L > 0, any
U, CR" K, C{0,1}", with u = (uy, -+ ,up) € Up, a = (g, ,ap,) € Ky,

1 [ Sup )7 Z oi0i (U)o

uEZ/ln CMG]Cn

|

Proof of Lemma D.6. The proof follows closely the one of Theorem 4.12 in Ledoux and

1 n
} < LE, { sup ‘— Z Qo UG
uEUn,aelCn n i=1

Talagrand (2011) while dealing with the additional o vector. We provide here the main

20



argument and refer to Ledoux and Talagrand (2011) for additional details. First, note that
if U,, is unbounded, there will be settings such that the right hand side is infinity and the
result trivially holds. Therefore, let U, be bounded. We aim to show that

E[ sup  aiui + Jg(b(uQ)ag} < IE[ sup  aquq + LUQUQOQ}. (D.25)
uEU2,a €2 uEU2, €2

If Equation (D.25), it follows that

E{ sup  a1¢1(ur)oy +0’2¢(U2)042\01] < E{ sup a1 (ur)or + LO'2U2042)01]
u€Us,a€o uEUz,a €2

Because o1¢(uy) simply transforms Uy, and we can iteretively apply this result.
[ first prove Equation (D.25). Define for a,b € {0,1}%, I(u, s, a,b) := %(ulal +a2gb(u2)> +

%(slbl - bggb(sQ)). I want to show that the right hand side in Equation (D.25) is larger than
I(u, s,a,b) for all u,s € Uy and a,b € {0,1}2. Since I am taking the supremum of I (u, s, a, b)

over u, s, a,b, I can assume without loss of generality (as in Ledoux and Talagrand, 2011)
uray + agp(ug) > s1by + bag(s2), s1b1 — bap(s2) > urar — azd(uz). (D.26)
I can now define four quantities of interest
q1 = bis1 — bag(s2), @2 =bis1 — Lsaby, q) = ayuy + Laguz, ¢ = ajuy + aze(uz).

I consider four different cases, similarly to Ledoux and Talagrand (2011) and argue that for
any value of (a1, as, b1, by) € {0,1}, 2I(u, s,a,b) = ¢1 + ¢ < ¢} + o

Case 1 Start from the case agua, soby > 0. We know that ¢(0) = 0, so that |bap(s2)| < Lbyss.
Now assume that agug > bysy. In this case g1 — g = Lbass — bap(89) < Lagus — asd(ug) =
¢y — q¢b since |agp(uz) — bap(s9)| < Llagug — basa| = L(agus — byse). To see why this last
claim holds, note that for as,by = 1, then the results hold by the condition asus > bysy
and Lipschitz continuity. If instead ay = 1, b, = 0, the claim trivially holds. While the case
as = 0,by = 1, then it must be that s, = 0 since we assumed that asus > 0,by50 > 0 and
asuy > bess. Thus i — qo < ¢} — ¢5. If instead bysy > agusg, then use —¢ instead of ¢ and
switch the roles of s, u giving a similar proof.

Case 2 Let asus < 0,b985 < 0. Then the proof is the same as Case 1, switching the signs
where necessary.

Case 3 Let asus > 0,bys9 < 0. Then asp(ug) < Lasus, since ay € {0,1} and by Lipschitz
properties of ¢, —byd(s3) < —byLsy S0 that asg(ug) — bad(s2) < asLug — baLss.

Case 4 Let asus < 0,bys9 > 0. Then the claim follows symmetrically to Case 3.

The conclusion of the proof follows verbatim the one in Ledoux and Talagrand (2011). O

Below, I use the same notation as in the main text, while I also introduce an additional
random variable €; with Q = (Qy, -+ ,Q,).
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Lemma D.7. Let II, I be two function classes, each with VC dimension v, and w : X
{0,1} for any = € I,II'. For i € {1,---,n}, take arbitrary (Xyen,, X;), X; € X,Q; €
R, R; € {0,1}, adjacency matrix A, and functions f; : Z — [=U,,U,], for a positive
constant U, > 0. Assume that E[|Q]*|(R:)™,, (X)), A] < B, for some B < oo, and
() | (R, (Xi)y, A are independent but not necessarily identically distributed. Let
o1, ,0, beii.d. Rademacher random variables, independent of [(Xi, R;, Ql>n ,A} . Then
for a universal constant cy < oo, for anyn > 1, v = VC(II) = VC(II') =

ZR #i( > (X0)) 1 (Xi)or

Proof of Lemma D.7. First, note that since R; € {0,1}, and we take the expectation condi-

o] sup
m €Il maell’

i ] < C()UHJ UBNn log(/\fn) Z Ri~ (D27)
=1

tional on (R;)!",, we can interpret the sum in Equation (D.27) as a sum over elements > . | R;

many elements. Also, note that from Lemma D.3, we have that f;(t) is 2U,-Lipschitz in t.

First decomposition First, we add and subtract the value of the function f;(0) at zero.
The left hand side in Equation (D.27) equals

|

]+EQ’U|:SUP‘ZRUZfZ )i (X5)

w1 €T

Eq.o [ sup
m €Il €Il

ZR oi (f:( > 72 (X)) = £:(0) + £:(0) ) Qi (X;)

N;

Z Ruoi(( 3 ma(X0)) = 10))im (X,

N;

(1) @)

< EQ,O’ |: sSup
1 €Il eIl

J

(D.28)
First, I bound (1). T write
(1) = Eq, | s ZR oi (fZ<Z7r2 Xp)) = £i(0)) 9 lsign(2:)mi ()|
e (D.29)
=Eos| s ZR 5:(£:( 2 m(X0) — 1(0))1ulm (X3) |

keEN;

where 6; = sign(€2;)o; which are i.i.d. Rademacher random variables independent of (€2;, X;, R;)!,, A,
since P(6; = 1|Q2) = P(o;sign(§;) = 1|2) = 1/2. Using the fact that [Q;| > 0, I have

ZR 02<fz< Z 772(Xk)> - f(O)) /Ooo {9 > whdwm (X;)

z

<Bos[ sw [ )ZRi&i(fz-(mek))—fi<o>)1{|9i|>w}m<xi>

(D.29) =Eq s [ sup
1 €Il moell’

|

mellmell’ Jo 14 KeN,
< [0 B3 (5 i) s>
(D.30)
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Next, I use the law of iterated expectation to first take the expectation over & (conditional

on ) and then take the expectation over €. I also divide and multiplied by U,. I obtain

Ja

(D.31)

(D.30) < U, /OOO Eo[E; Lle;ufgen’ | Z:R i ( i Z ma(X2)) — £:0) ) 11| > whm (Xo)

%

Lipschitz property Let ¢;(t) = - L (f:(t)— £:(0)). Here, ¢; is Lipschitz in ¢, with Lipschitz
constant equal to 1. In addition, ¢;(0) = 0. By Lemma D.6'¢,

Es | swp_ ZR Gi— ( i Z m2(X5)) = £i(0) )11 > whmi (X3)]
mellmee . €N, (D32)
S QE [ ;up w ZR O'l( Z 7T2 Xk))l{’QZ| > w}m(Xi) ]
mell,mee kEN;

I can therefore write

(D.31) < 2U, /OOO EQ,U sup ZR az( 3 o Xk))l{\sm > whm (X;)

1 €l mo eIl’ kEN;

[ .

Function reparametrization [ now consider a reparametrization of the function class.
Define X; € XN = (X;, Xyen,, 0, - - ,0), where for the entries h > |N;|+1, X = (), denot-
ing the h*" entry of X;. Without loss of generality, let w(()) = 0. Define 7; € II; a function
class of the form 7;(X;) = T(X),m e I for j > 1 and m(X;) = 7(XM), 7 € 11, ie.,
equal to 7 applied to the j™ entry of the vector X;. Since this is a trivial reparametrization,
VC(II;) = VC(II) (= VC(IT') by assumption) for all j € {1,--- , N, }.'7 I can write

Un/o Boo[ sw ZR G<k;v (X)) L] > ) ()] s

oo Nn—1
<u. [ B osw enNn‘ZRaz< D (X ) 11| > w)m (X de
:Un/oo &[sup ‘ZRU’ 1{\Q|>w}H

0 7elly, =1

where II,, = {7?1<Z§\ZL2_1 7Tj+1>,71'j ell;,j=1,--- 7/\/'n}, I now apply Lemma D.5, using
the fact that VC(II;) = VC(II) = VC(II'), for any j € {1,--- ,N,}. By Lemma D.5,

16 Conditional on X, A4,Q, I invoke Lemma D.6 with (m(X;)1{|€%] > w})™, in lieu of (a1, -+ ,ay) €
Ky € {0,1}" in the statement of Lemma D.6, since 71 (X;)1{|Q2| > w} is binary. Here (3, m2(Xk))iz; is
in lieu of (u1,- - ,u,) € Uy, in Lemma D.6. The spaces K,,,U,, in Lemma D.6, here are those defined (given
Q, X, A), by m (X)) 1{|] > w},m € Mand (3 e, m2(Xk))ioy, m2 € I, respectively.

17See e.g., Theorem 29.4 in Devroye et al. (2013).
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for any n > 1, the Dudley’s integral of the function class II, is uniformly bounded by

C'v/ N, log(N,,)VC(II), for a finite universal constant C. By Lemma D.4, since I am summing

over Y1 | R; elements (conditional on (Ry,--- , R,)), for a universal constant ¢’ < oo

Un/o Egg[sup‘ZR )1{|Q]>w}Hdw <C’U\IB/\/'VC ) log(N, ZR

well, =1

Term (2) Next, I bound the term (2) in Equation (D.28). Similar to (1),

|

<u. [ Em[sup)ZRozlﬂfZ( )l /U > whn(X)

} <U,Eq; [sup ’ ZR Y fl |m(X:)

mell

Egp[sup‘ZR o fi(0)Qum(X;)

mell

}dw

Since IT has finite VC dimension, by Theorem 2.6.7 of Van Der Vaart and Wellner (1996) (the

argument is the same as in Lemma D.5), f02 Vv Mi(n, (x}))dn < Cy/VC(II) for a universal

constant C, and for any z7 € X™. Since Eq[|f;(0)%/U,|*] < B (f:(0)/U, € [—1,1]) we can
apply Lemma D.4, with |f;(0)Q;|/U, in lieu of |€;] in Lemma D.4, and obtain

}dw <C'U, JBVC ZR

for a universal constant C’ < co. The proof completes. n

v [ EQU[SUP)ZRUJUJQ( Ul /U > whr(X,)

The following lemma is a direct corollary of Lemma D.7.

Lemma D.8. Let w € 11, be a function class, with w: X + {0,1}. Fori € {1,--- n}, take
arbitrary (Xgen,, Xi), Xi € X,Q; € R R; € {0,1}, adjacency matriz A, and functions g; :
Zx{0,1} — [—U,, U,], for a positive constant U,, > 0. Assume that E[|Q 3| (R:)™,, (X:)", A] <
B, for some B < oo, and ()" |(R;), (Xi)iy, A are independent but not necessarily
tdentically distributed. Let oq,--- ,0, be i.1.d. Rademacher random variables, independent

of [(Xi, R;, Q,)n i A]. Then for a universal constant cy < oo, for anyn > 1

zgz( > w(X), W(Xi))ai

kEN;

Proof of Lemma D.8. By Lemma D.3, g;(t,1), g;(t,0) are 2U,,-Lipschitz in ¢. It follows

Egg[sup‘ZRzgl( Xk), (Xi))ai z}

z

<Egg{sup‘ZRzgz< X&), 1>7T(X)

o[
mell

i]<coUnJVC( ) B, log (A, ZR (D.33)

}+Egg[sup(Zng,( Xp),0) (1 = 7(X;)or
< (D.34)
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It follows

(D.34) < EQ’O—[ sup }ZRzgl< mo(Xk), )Wl(Xi)Ui
w1 €ll,meell kEN;

d

+EQ,0L e%u}? . ’ ZRzgz( 7T2 (Xk), 0)(1 - m(Xi))os

By Lemma 29.4 in Devroye et al. (2013), the VC dimension of the function class 1 —

m,m € II equals the VC(II). By Lemma D.7 each term in Equation (D.34) is bounded
by CU,\/VC(I1) BN, log(N,) Y7, R;, for a universal constant C' < oo. O

Lemma D.9. Let K* be as in Algorithm 2 (Equation 24). Then K* < x(A?) almost surely.

Proof of Lemma D.9. To prove the claim it suffices to show that a partition such that the
constraints in Equation (24) holds exists, and such a partition has size at most x(A?), for all
possible realizations of R = (Ry, -+, R,). As a first step, observe that for fixed K, binary
variables G € {0,1},5 € {1,--- ,n}, k€ {1,--- , K}, with S0 Gyp = 1¥j € {1,--- ,n},

K n K n

> > 1{j € N; and N; N N;j = 0}G;xGip, = 0 implies » Y RiR;1{j € T;}G;4Gip, = 0.

k=1 j=1 k=1 j=1
Namely, S°F > -1 Hj & Nyand N; N N;j = 0}G;Gip = 0 is a stricter constraint than
S > RiRj1{j € T;}G; Gy = 0, in Equation (24), for all Ry,---, R,, R; € {0,1}. 1

can therefore bound the solution to the optimization problem in Equation (24) as follows

K*<argmin min K
KeZ Ge{0,1)nxK

K n K (D.35)
such that » > 1{j & Ni, N; N Nj = 0}G;xGi =0, and Y Gy, = 1Vi.
k=1 j=1 k=1
The right-hand side in Equation (D.35) equals x(A?) by definition of smallest proper cover.
[

D.3.1 Identification

PTOOf Of Lemma 2.1. Let €<7T(Xi>7ﬂ(ﬂ-)7ZkGNmRkGNmZia |NZ|) = ei(ﬂ)7ji(7r> = 1{E(W) =
T;,m(X;) = D;}. Under Assumption 2.1, I can write

E[Ré—g; ] :E[RiiiEZ;r<w(Xi),ﬂ(w),Zi,|Ni\,e@-> A,Z] (D.36)
Under Assumption 2.2 (i) and Assumption 2.3 (A),

(D.36) = E[R I(())|A, Z} X E[r(w(xi),n(w), Zi, ]Ni\,5i> A, Z]
By Assumption 2.2 (i), E [ZI(())\A Z} [REEEZ; A, Z, (Ri)ji, Ri = 1“ - % O

25



Lemma D.10. Let Assumptions 2.1, 2.2 hold. Then
1 ' WTi(n) = Ti,d = D;}
e i ec<7r(Xi)7Ti<7T)aZkENkaGNiaZia |Ni\)

(¥e = m* (w(xX0), Ti(m). 2, i) ) | A, 2]

+ ni En:]E[Rimc(ﬂ‘(X@'),Ti(W),Zi, |Nz\> ‘A, Z} = iiE[r((W(Xi)’Ti(ﬂ)’Ziv |Ni|’5i) A, Z]
“i=1 i=1

if either e = e or (and) Assumption 2.3 (B) holds with m® = m.

Proof of Lemma D.10. Define €f(m) = e° <7T<XZ'>7TZ'(7T), Zken;, Rren,, Zi, |NZ-|),L-(7T) = {T;(m) =
T;, m(X;) = D;},m§ = me(n(X;), T;(7), Zi, | N;|). Whenever e = e, the result directly follows
from Lemma 2.1. Let now m® = m and Assumption 2.3 (B) hold. Then (since the indicators

R are independent of ¢ by Assumption 2.3)

R;I;(~)
e5 ()

Ii (7T)
e;(m)

E[ (y —mg(w))‘A,z} :E[Ri <T<W(Xi),z;(w),zi,|Nl-y,si) —mi(ﬁ))‘A, Z}

c
e \m

- ]E[Ri IZ’((T)) ‘A, Z} X E[(r (W(Xi),n(ﬁ), Zi, |Ni|,si> - mi(ﬂ)) ‘A, Z] —0.
By Assumption 2.2 (iii), X ", E[Rimi(w)‘A, Z} =1 m(n(X,), Ti(x), Z, |Ni]). OO

Proof of Lemma 4.3. Let L; = L(Z;, Zyen,,|N;|) and similarly L = L'(Z;, Zxen,, | Ni|). Let

T!, Z!,|N;|" be the neighbors’ exposure, covariates and number of neighbors of 7 in the target

population. Following Lemma D.10, by exogeneity of (Ry,--- , R,) (Assumption 2.3 (A))

RZ»IE[Ii(W) (Y - mf(ﬂ')) + mf(ﬁ)‘A, Z,Ry,--- ,Rn} — RiE[r((ﬂ(Xi),CI}(Tr), Zi, \Ni],ai)

ei(m)

A, Z}
where the last equality follows from Assumption 2.3 (B). Therefore, it follows that

B[, (m,m”, )| 4, 2] = ii?m(w(xi),:n(w),zi, Vi) = :LG:m(w(X{),Ti/(ﬂ').Z{, i),
2T, .

1= 1=

The last equality follows by construction of L}, L;. S,(A",Z") C S,(A, Z) guarantees that

[

there are no individuals in the target population outside the sample population’s support. [J

D.4 Proofs for “Additional extensions”

D.4.1 Proof of Proposition B.3

n

Denote E,[-] the expectation conditional on {Di = W(Xi)}

Er|r(Si Y Sk Zi INi2) |4, 2] =E[r(Sim), 3 Si(m). Zis|Nil =)

kEN; keN;

K let R = (R;)",. We have

1=

AZR). (s
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where S;(7) = hyg (w(Xi), > ke, T(Xk), Zi, [ Nil, I/i>. It follows that Equation (D.37) equals

3 E[r(d,s,zi, Nl ea)| Sitm) = d. 37 Si(m) = 5, 2. A} X P(si(ﬂ) —d, Y Si(m) = S‘A, Z, R) .
s€{0,+,|N;|} keN; kEN;

(%) (i4)

Si - d, EkGNZ’ Sk‘ =

n
j=1

Since (&), L (Z, A, (ep,, v, Rj)?:1>, [ can show (i) = E[r(d, S, Ziy INi|, €)

s, Z, A, R} Consider now (ii). Observe that by indepedence and exogeneity of (v;)

|N:]

(i4) = P(Si(ﬂ) - d‘A, Z, R> x Y HP(SNi(k) (1) = uk‘A, Z, R).

UL, Uiy, Up=s k=1

Using exogeneity of v;, I have

P(SZ-(W) _ d‘A, Z. R) _ P<Si —d

Zi, INi|, Di = w(X), > Dy =) W(Xk),ZkeNnZi>-

keEN; kEN;

Similar reasoning also applies to neighbors’ selected treatments, omitted for brevity.

D.4.2 Proof of Proposition B.1

To show that Proposition B.1 I need to show that (i) the VC dimension of II,, is at most

VC(II) up-to a constant factor; (i) overlap holds for any class of policy m € II,,, namely

ei(m) € (70,1 —v0,). The rest of the proof then follows verbatim from Theorem 3.1.
First, for (i), note that by Theorem 13.1 in Devroye et al. (2013), the VC dimension of

the classifier 7(z,d) = 7(z)(1 — d) equals the VC dimension of 7(x), namely VC(II). By

Lemma 29.4 in Devroye et al. (2013) it follows that the VC dimension of II,, equals VC(II).
Second, for (ii), for 7(x,d) = w(x)(1 —d) +d

P(D;=1|Zi,R; =1) if n(X;) =1

P(DZ- — #(X:, D;)| Zs, R = 1) -
1 otherwise.

It follows that P(DZ- = #(X,,D)|Z, R = 1) > min{P(D; = 1|Z,,R; = 1),P(D; =
01Z;, Ri = 1)} € (7,1 —~). Similarly, I can show that P(DZ- — #(X,,D;)|Zi, R = 0, R =
1) € (v,1=v) and P(T; = t|Z;, R; = 1, Rien,, Zken,, |Ni|) > 9, almost surely for any ¢t € 7,
under Assumption 2.2 (ii). Intuitively, because I always treat those units also treated in the
experiment, overlap for 7 € II,, is guaranteed, under overlap in the experiment. It follows

that the propensity score e;,(7) = e(7(X;, D;), Ti(7), Zi, Zken,, Rken,, | Ni]), T € II, satisfies

the overlap conditions imposed in Assumption 2.2. Finally, it is easy to show that Lemma 2.1

directly holds also for any 7 € II,,, following verbatim the proof of Lemma 2.1, reweighting

for e;(7). The rest of the proof follows verbatim the one of Theorem 3.1.
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D.4.3 Proof of Proposition B.2

Define k(i) the partition k € {1,---, K*} associated with unit ¢ under Algorithm 2 and j(¢)
the fold j within partition k(i) associated with ¢ under Algorithm 2. Recall the definition
of ¢7*(i) = 1{k(s) = k(7),j(s) # j(i)} is Section B.2. Note that ¢7*(i) are random variables
since they depend on sampled indicators Ry, -+, R,. By Lemma D.9, K* < x(A?) almost
surely.

For each partition k£, Algorithm 2 creates J folds with the same number of units. I can
write Y o, Ry¢(i) > L% Yo Ryl{k(s) = k:(z)}J where I take the floor function for cases
where J is not a multiple of the number of sampled units in the partition k(7). We have

1o = s\ ~2m
n ;EKI + ;quss () IR =1,4,7]
< % ;E[max {1, (% ;1%51{k(5) = k(0)}) QC’"}|Ri ~1.4.2].

(D.38)

Worst-case partition Next, I replace the (random) partitions k£ € {1,---, K*} with

worst-case non-random partitions. Denote k(i) € {1,---, x(A%)} the worst-case partition
k" (-) € arg max ! ; E[max{ ( ZR 1{k(s) )})_2%}]}%2- =1,4, Z]
E(i)e{lv'"7X(A2)}7i€{17""n} n i=1
X(AQ)
such that k(i) # k(j),Vj € N; or N;NN; # 0, Z WHEk(i)) =k} =1, Vie{l,--- ,n}.
k=1

(D.39)
Here, k“(-) always exists by definition of y(A?%).!"® In addition, £ does not depend on the

realized R by construction. I claim that

(D.38) ZE[max{ ( ZR 1{k"(s) = kw(z’)}y%}mi —1,A, Z]

()

(D.40)

Equation (D.40) holds for two reasons: (i) K* < x(A?) by Lemma D.9; (ii) I can show that
the constraint in Equation (D.39) is a stricter constraint than the constraint in Equation

(24) for any realization of (Ry,---, R,) (see the proof of Lemma D.9 for details).

8 Existence is satisfied if a feasible solution to Equation (D.39) exists. One example is the smallest proper
cover C,,(A?%) as in Definition D.1 for the adjacency matrix A?. This satisfies the constraints in Equation
(D.39) by definition. A proper cover always exists (e.g., if the network is fully connected, x(A2) = n).
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Upper bound on (I) Take any i € {1,--- ,n} such that 1{k"(s) = k*(i)} = 1 for some
s # 1. It follows from Cribari-Neto et al. (2000) (equation at the bottom of Page 274)

() < (%)_%’"}E[(l Y RA{E(s) = kw(i)})%”ml- =147 (R=1)
Ss#1
(L)%

(2 s 10k (5) = ke (i)}
(o ne/n=aec(0,1),J =0(1)).

<

1 D.41
- O<(Zs# kv (s) = kw(i)})%ﬂ+1> (D41

2 C'Iﬂ

In the right-hand-side (first equation) we added one since k* (i) = k*(s) for s = i. If instead
there is no s # ¢, such that 1{k*(s) = k¥ (i)} = 1, then trivially (/) = O(1).

Sum over all partitions Summing over all y(A?) partitions, we obtain

(D.40) Z PIELIUE O [maee {1, (2 32 Rt () = 1) Y] < 042

n

x(4?) x(A?

(’)( ; (Z?l 1{k:(2) = k}>1—2g‘m ((J_Jl)ne)%m) + ( Z (1+ Zl{kw _ QCm)

=1 sF#£i

(B)

where (B) correspond to cases where partitions £“ (i) contain at least two elements (and
bounded as in Equation (D.41))!? and (A) corresponds to partitions with only one element,
whose overall number is at most x(A?) (since there are at most x(A?) many partitions, and
for such partitions w = 1/n). For (B) we write

(A2) —1n

X(A%) w(j) = 1-2¢,, -
el £ ) )

A2) n
+(9(

1{k(7) )i 24’”) (a7 2m < g172m for z > 1, concave z'7%m),
k=1 i=1

2Cm 2 n .
It follows that (B) < XW)(m) + O(x(A?)n=%m) (- Z;‘S} ) Yo HEG) =k} =
n). From D.2, y(A?) < 2N?2, which completes the proof for the conditional mean after simple
rearrangement (since the bound for (A) follows directly from Lemma D.2). The argument

follows verbatim for B, (A4, Z), taking into account 1/§2, and omitted for brevity.

For the first component in (A) we sum over all i € {1,---,n} instead of n — 1 elements since the last
term is absorbed in O(1).
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